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Problem 2

Let x and y be those two numbers. We therefore have

x − y = 100.

We want to minimize the product of x and y. From the equation above, we have

y = x − 100.

The function to optimize is

P (x) = xy = x(x − 100) = x2 − 100x.

The derivative is

P ′(x) = 2x − 100

and so P ′(x) = 0 if x = 50. The second derivative is

P ′′(x) = 2.

Since P ′′(x) > 0 for any x, we conclude that x = 50 is an absolute minimum.

The numbers whose product is minimum are therefore x = 50 and y = −50.

Problem 8

Let x be the width and y be the heigth of the rectangle. The total area is fixed and is 1000 m2.
This means that

xy = 1000 ⇒ y = 1000/x.

The function for the perimeter is P = 2x + 2y. This formulea becomes

P (x) = 2x + 2000/x.

The domain of P is x > 0 since a negative or zero width is not possible.

We take the derivative, and see that P ′(x) = 2 − 2000/x2. The function P ′ is defined everywhere
on (0, ∞), so the critical numbers correspond to its zeros. We see that

P ′(x) = 0 ⇐⇒ x2 = 1000 ⇐⇒ x = ±
√

1000.

Since x must be positive, we reject −
√

1000 and keep
√

1000. If we take the second derivative, we
see that

P ′′(x) = 4000
x3
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and, since x > 0, we have P ′′(x) > 0 for every x > 0. Thus, the number x =
√

1000 correspond to
an absolute minimum by the second derivative test.

Finally, we have x =
√

1000, y = 1000/x =
√

1000, and the perimeter is P = 4
√

1000 m.

Problem 14

Let

• V : volume of the box.

• b: width of the base.

• h: height of the box.

• A: total area of the box.

The equation of the volume of the box is

V = b2h

and since the volume is 32, 000cm3, we therefore have

h = 32000
b2 .

The function A is the total area of the box. The box has a square base of side length b with no
top and four rectangular sides of sides length b and h. Therefore, the total area is

A = b2 + 4bh

and using the expression of h, we obtain

A(b) = b2 + 128000
b

= b2 + (128000)b−1.

We want to mimimize A. We have

A′(b) = 2b − 128000
b2 = 2b3 − 128000

b2 .

We therefore have

A′(b) = 0 ⇐⇒ 2b3 − 128000 = 0 ⇐⇒ b3 = 64000.

Taking the third-root, we obtain

b = 40.

Taking the second derivative, we have

A′′(b) = 2 + 256000
b3 ..
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We see that A′′(b) > 0 for any b. Therefore, the number b = 40 minimize the function A (so
minimize the amount of material used).

Using the link between b and h, we find that

b = 40 cm and h = 20 cm.

Problem 36

Let x (width) and y (height) be the dimensions of the poster. The total area is xy = 180.
The total of printed area is

A = (x − 2)(y − 3).

Since xy = 180, we have y = 180/x and so

A = (x − 2)(180/x − 3) = 3(x − 2)(60/x − 1).

The derivative of A is

A′ = 3(60/x − 1 − 60(x − 2)/x2)) = 3(120/x2 − 1) = 3(120 − x2)/x2.

So A′ = 0 if and only if x = ±
√

120. We discard −
√

120 and keep x =
√

120. We see that A′ > 0
when 0 < x <

√
120 and A′ < 0 when x >

√
120. So x corresponds to a global maximum of A on

(0, ∞).

So the dimensions are x =
√

120 ≈ 10.95 in and y = 180/
√

120 ≈ 16.43 in.

Problem 74

Let l be the length of the pipe. Let a be the angle illustrated in the figure. Let x and y be
the sides of the right triangle with hypothenuse l.
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From the figure, we see that l2 = x2 + y2. We see that the angles of the two little triangles and
the big triangle with side x and y are the same and by the similitude case AAA, the two triangles
and the big one are similar. This means that

y

9 = x

x − 6 ⇐⇒ y = 9x

x − 6 .

Replace this y in the formulae for l2 to obtain

l2 = x2 + 81
( 6

x − 6 + 1
)2

.

We now take the derivative with respect to x. We obtain

2ll′ = 2x − 1152
( 6

x − 6 + 1
) ( 1

x − 6

)2

The angle a is between 0 and π/2. l = x + y 9/x = sin a ⇒ x = 9
sin a

= 9 csc a 6/y = cos a ⇒
y = 6

cos a
= 6 sec a l = 9 csc a + 6 sec a l′ = −9 csc a cot a + 6 sec a tan a 6 sec a tan a = 9 csc a cot a

6 tan3 a = 9 tan3 a = 3
2 a ≈ 0.8527. l′ < 0 l ≈ 21.07

Problem 76

Let a be the angle as illustrated in the picture below. To determine the maximum amount of
water, we will determine the maximum area of the rain gutter. As the figure below shows, we can
split the rain gutter in three simple shapes: two identical triangles and one rectangle.

The area of the triangles is

A∆ = 100 cos a sin a

2 = 50 cos a sin a

The area of the rectangle is

A□ = 10 · 10 sin a = 100 sin a.

So the total area is

A = 2A∆ + A□ = 100 sin a(cos a + 1).
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The domain of the function a is between 0 and π/2.

We take the derivative with respect to a. We obtain

A′ = 100 cos a(cos a + 1) − 100 sin2 a = 100(cos2 a − sin2 a) + 100 cos a.

We can replace cos2 a − sin2 a by cos(2a) and we find

A′ = 100 cos(2a) + 100 cos a.

We see that

A′ = 0 ⇐⇒ cos 2a = − cos a ⇐⇒ cos 2a = cos(−a − π) ⇐⇒ 2a = −a + (2k − 1)π.

Taking k = 0, we see that A′ = 0 ⇐⇒ a = −π/3. Taking k = 1, we see that A′ = 0 ⇐⇒
a = π/3. This last angle is in the domain of our function A.

Now, A′ > 0 when 0 < a < π/3 and A′ < 0 when π/3 < a < π/2. So, by the first derivative
test, we see that a = π/3 corresponds to an absolute maximum on the interval (0, π/2). The area
corresponding to this angle is

A = 100 sin(π/3)(cos(π/3) + 1) ≈ 129.90 m2 of water.

5


