LA CONCEPT CHECK ANSWERS

1. Write an expression for the slope of the tangent line to the (c) Sketch the graph of a function that is continuous but not
curve y = f(x) at the point (a, f(a)). differentiable at a = 2.

The slope of the tangent line is given by
lim fx) = fla) S i flath - fla
x—a e h—0 h
2. Suppose an object moves along a straight line with posi-
tion f(¢) at time ¢. Write an expression for the instantaneous 0| 2
velocity of the object at time t = a. How can you interpret
this velocity in terms of the graph of f?
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The graph of f changes direction abruptly at x = 2, so f

The instantaneous velocity at time t = a is has no tangent line there.
. fla+h) —f(a) .
v(a) = ,1.1_';% h 6. Describe several ways in which a function can fail to be

differentiable. Illustrate with sketches.

Itis equal to the slope of the tangent line to the graph of f at A function is not differentiable at any value where the graph

the point P(a, f(a)). has a “corner,” where the graph has a discontinuity, or where
3. If y = f(x) and x changes from x; to x,, write expressions for it has a vertical tangent line.

the following.

(@) The average rate of change of y with respect to x over the ¥4 y

interval [x;, x, ]:
By fe) =) I
R ) / ,_/

(b) The instantaneous rate of change of y with respect to x

at x = xi: 0 ;z x 0 a x
D e S G
VLG oy Eniy A corner A discontinuity
4. Define the derivative f'(a). Discuss two ways of interpreting y

this number.

' s f(a+h)—f(a)

f'(a) = lim -
or, equivalently,
= 5 ¢ —>
fl(a) —_— hm f(x) f(a) a X
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The derivative f’(a) is the instantaneous rate of change of A vertical tangent

y = f(x) (with respect to x) when x = a and also represents

the slope of the tangent line to the graph of f at the point 7. What are the second and third derivatives of a function f?

P(a, f(a)). If £ is the position function of an object, how can you inter-
pret f"” and f"?

3 i be differentiable at a? L2 :
5. (a) What does it mean for f foluc .'f e-ren e .a The second derivative f” is the derivative of f’, and the third
[ is differentiable at a if the derivative f’(a) exists. derivative " is the derivative of f".

(b) What is the relation between the differentiability and If £ is the postition function of an object, then f' is the veloc-
continuity of a function? ity function of the object, " is the acceleration function, and
If f is differentiable at q, then f is continuous at a. f" is the jerk function (the rate of change of acceleration).

(continued)
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8. State each differentiation rule both in symbols and

in words.

(@) The Power Rule

B d
If n is any real number, then oo (x") = nx"-!,
dx

To find the derivative of a variable raised to a constant

power, we multiply the expression by the exponent and
then subtract one from the exponent,

(b) The Constant Multiple Rule

If ¢ is a constant and S is a differentiable function, then
d d
2% [ef(x)] = ¢ Txf (x)

The derivative of a constant times a function is the
constant times the derivative of the function,

(©) The Sum Rule

If f and g are both differentiable, then
d d d
—_ |- = Bl s o)
2 &) + g(0] ol )+ 2 9

The derivative of a sum of functions is the sum of the
derivatives.

(d) The Difference Rule

(e)

®)

If f and g are both differentiable, then

d
2 0 = o] = L) — Ly

The derivative of a difference of functions is the differ-
ence of the derivatives.

The Product Rule
If f and g are both differentiable, then

d d
S LW = 1) L (g0 + g03) (00

The derivative of a product of two functions is the first
function times the derivative of the second function plus
the second function times the derivative of the first
function.

The Quotient Rule
If f and g are both differentiable, then

. [f(x)

909 = LF(] ~ 1) =[]
dx | g(x) ]

% [g()]?

The derivative of a quotient of functions is the denomina-
tor times the derivative of the numerator minus the numer-
ator times the derivative of the denominator, all divided by
the square of the denominator.

(g) The Chain Rule

If g is differentiable at x and f is differentiable at g(x),
then the composite function defined by F(x) = f(g(x)) is

9.

10.

11.

12.

differentiable at x and F’ is given by the product
F'(x) = f'(g(x)) g’ (x)

The derivative of a composite function is the derivative of
the outer function evaluated at the inner function times the
derivative of the inner function,

State the derivative of each function,

@) y=x" y = pxr-!

(b) y=sinx: y" = cosx

(c) y = cos x: ¥ = —sinx

(d) y=tanx: y = sec’y

(€) y =cscx: y' = —cscxcotx

(f) y =secx: y' = secxtanx

(@ y=cotx: y = —cscx

Explain how implicit differentiation works.

Implicit differentiation consists of differentiating both sides
of an equation with respect to x, treating y as a function of x.
Then we solve the resulting equation for y’.

Give several examples of how the derivative can be inter-

preted as a rate of change in physics, chemistry, biology,
economics, or other sciences.

In physics, interpretations of the derivative include velocity,
linear density, electrical current, power (the rate of change
of work), and the rate of radioactive decay. Chemists can use
derivatives to measure reaction rates and the compressibility
of a substance under pressure. In biology the derivative mea-
sures rates of population growth and blood flow. In econom-
ics, the derivative measures marginal cost (the rate of change
of cost as more items are produced) and marginal profit. Other
examples include the rate of heat flow in geology, the rate
of performance improvement in psychology, and the rate at
which a rumor spreads in sociology.

(@) Write an expression for the linearization of fata.
L(x) = f(a) + f'(a)(x = a)
(b) If y = f(x), write an expression for the differential dy.
dy = f'(x) dx

(¢) If dx = Ax, draw a picture showing the geometric mean-
ings of Ay and dy.
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