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CHAPTER 4

1. (a) Write an expression for a Riemann sum of a function f
on an interval [a, b]. Explain the meaning of the notation
that you use.

If f is defined for a = x = b and we divide the inter-
val [a, b] into n subintervals of equal width Ax, then a
Riemann sum of f is

> fxM Ax

=1
where xf" is a point in the ith subinterval.

(b) If f(x) = 0, what is the geometric interpretation of a
Riemann sum? Illustrate with a diagram.

If f is positive, then a Riemann sum can be interpreted as
the sum of areas of approximating rectangles, as shown in

the figure.
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(¢) If f(x) takes on both positive and negative values, what is
the geometric interpretation of a Riemann sum? Illustrate
with a diagram.

If f takes on both positive and negative values then the
Riemann sum is the sum of the areas of the rectangles that
lie above the x-axis and the negatives of the areas of the
rectangles that lie below the x-axis (the areas of the blue
rectangles minus the areas of the gray rectangles).
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y= f(x)

2. (a) Write the definition of the definite integral of a contin-

uvous function from a to b.

If f is a continuous function on the interval [a, b],
then we divide [a, b] into n subintervals of equal width
Ax= (b — a)/n. We let xo (= a), x;, xa, . . .,

x, ( = b) be the endpoints of these subintervals. Then

j * f(x) dx = lim g‘, F(xF) Ax

where x}* is any sample point in the ith subinterval
[xi— 1y xi]-

CONCEPT CHECK ANSWERS

(b) What is the geometric interpretation of 2 f(x) dx if
f(x) = 0?
If f is positive, then ﬂ,’ f(x) dx can be interpreted as the
area under the graph of y = f(x) and above the x-axis for
asx<bh.

(¢) What is the geometric interpretation of I2 f(x) dx if f(x)
takes on both positive and negative values? Illustrate with
a diagram.

In this case ﬂ, f(x) dx can be interpreted as a “net area,”

that is, the area of the region above the x-axis and below
the graph of f (labeled “+” in the figure) minus the area
of the region below the x-axis and above the graph of f

(labeled “—").
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3. State the Midpoint Rule.

If f is a continuous function on the interval [a, ] and
we divide [a, b] into n subintervals of equal width
Ax = (b — a)/n, then

j s~ éf(i.-) Ax

where X; = midpoint of [x;_;, x;] = J(xi-; + x)).

. State both parts of the Fundamental Theorem of Calculus.

Suppose f is continuous on [a, b].
Part 1. If g(x) = f:f(r) dt, then g'(x) = f(x).

Part 2. _l':f(x) dx = F(b) — F(a), where F is any antideriva-
tive of f, that is, F'= f.

. (@) State the Net Change Theorem.

The integral of a rate of change is the net change:
[0 P dx = F®b) - Fla)

(b) If r(¢) is the rate at which water flows into a reservoir,
what does |,* r(1) dt represent?

[ r(2) dt represents the change in the amount of water in
the reservoir between time #, and time f,.

(continued)



CONCEPT CHECK ANSWERS (continued)

6. Suppose a particle moves back and forth along a straight line

with velocity »(t), measured in feet per second, and accelera-
tion a(r).

(@) What is the meaning of [ u(1) dr?
lio' v(t) dt represents the net change in position (the dis-

placement) of the particle from 1 = 60 s tor = 120s. in
other words, in the second minute.

(b) What is the meaning of [2° | o(r) | dr?

lo | v(t) | dt represents the total distance traveled by the
particle in the second minute.
(c) What is the meaning of [.2° a(r) dr?

Jeo’ a(r) dt represents the change in velocity of the particle
in the second minute.

. (@) Explain the meaning of the indefinite integral j' f(x) dx.

The indefinite integral | f(x) dx is another name for
an antiderivative of f, so _f f(x) dx = F(x) means that

() ()t
(b) What is the connection between the definite integral
J £(x) dx and the indefinite integral [ f(x) dx?

The connection is given by Part 2 of the Fundamental
Theorem:

ff (x) dx = J- fx) dx]:

if f is continuous on [a, b].

8.

Explain exactly what is meant by the statement that “differen-
tiation and integration are inverse processes.”

Part | of the Fundamental Theorem of Calculus can be rewrit-
ten as

d ("x
Zja f(0) dr = f(x)

which says that if f is integrated and then the result is differ-
entiated, we arrive back at the original function f.

Since F'(x) = f(x), Part 2 of the theorem (or, equivalently, the
Net Change Theorem) states that

["F'(x) dx = F(b) - F(a)

This says that if we take a function F, first differentiate it, and
then integrate the result, we arrive back at the original func-
tion, but in the form F(b) — F(a).

Also, the indefinite integral | f(x) dx represents an antideriva-
tive of f, so

[ e dx =109

State the Substitution Rule. In practice, how do you use it?
If u = g(x) is a differentiable function and f is continuous on
the range of g, then

[ £(9() g'(x) dx = [ f(w) de

In practice, we make the substitutions u = g(x) and
du = g'(x) dx in the integrand in order to make the integral
simpler to evaluate.



