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 28.  The table shows average US retail residential prices of 
electricity from 2000 to 2012, measured in cents per 
kilowatt hour.

 (a)  Make a scatter plot. Is a linear model appropriate?
 (b)  Find and graph the regression line.
 (c)  Use your linear model from part (b) to estimate the 

average retail price of electricity in 2005 and 2013.

Years since 2000 CentsykWh

0 8.24
2 8.44
4 8.95
6 10.40
8 11.26

10 11.54
12 11.58

Source:  US Energy Information Administration

 29.  Many physical quantities are connected by inverse square 
laws, that is, by power functions of the form f sxd − kx22.  
In particular, the illumination of an object by a light source 
is inversely proportional to the square of the distance from 
the source. Suppose that after dark you are in a room with 
just one lamp and you are trying to read a book. The light is 
too dim and so you move halfway to the lamp. How much 
brighter is the light?

 3�0.  It makes sense that the larger the area of a region, the larger 
the number of species that inhabit the region. Many ecolo-
gists have modeled the species-area relation with a power 
function and, in particular, the number of species S of bats 
living in caves in central Mexico has been related to the 
surface area A of the caves by the equation S − 0.7A0.3.

 (a)  The cave called Misión Imposible near Puebla, 
Mexico, has a surface area of A − 60 m2. How many 
species of bats would you expect to find in that cave?

 (b)  If you discover that four species of bats live in a cave, 
estimate the area of the cave.

;  3�1.  The table shows the number N of species of reptiles and 
amphibians inhabiting Caribbean islands and the area A of 
the island in square miles.

 (a)  Use a power function to model N as a function of A.
 (b)  The Caribbean island of Dominica has area 291 mi2. 

How many species of reptiles and amphibians would 
you expect to find on Dominica?

Island A N

Saba  4  5
Monserrat  40  9
Puerto Rico  3,459  40
Jamaica  4,411  39
Hispaniola  29,418  84
Cuba   44,218  76

 3�2.  The table shows the mean (average) distances d of the 
planets from the sun (taking the unit of measurement to be 
the distance from planet Earth to the sun) and their periods 
T (time of revolution in years).

 (a) Fit a power model to the data.
 (b)  Kepler’s Third Law of Planetary Motion states that 

“The square of the period of revolution of a planet 
is propor tional to the cube of its mean distance from 
the sun.”  
Does your model corroborate Kepler’s Third Law?

Planet d T

Mercury  0.387  0.241
Venus  0.723  0.615
Earth  1.000  1.000
Mars  1.523  1.881
Jupiter  5.203  11.861
Saturn  9.541  29.457
Uranus  19.190  84.008
Neptune  30.086  164.784

;

;

In this section we start with the basic functions we discussed in Section 1.2 and obtain 
new functions by shifting, stretching, and reflecting their graphs. We also show how to 
combine pairs of functions by the standard arithmetic operations and by composition.

transformations of Functions
By applying certain transformations to the graph of a given function we can obtain 
the graphs of related functions. This will give us the ability to sketch the graphs of  
many functions quickly by hand. It will also enable us to write equations for given graphs.

Let’s first consider translations. If c is a positive number, then the graph of y − f sxd 1 c 
is just the graph of y − f sxd shifted upward a distance of c units (because each y-coordi-
nate is increased by the same number c). Likewise, if tsxd − f sx 2 cd, where c . 0, then 
the value of t at x is the same as the value of f  at x 2 c (c units to the left of x). There- 
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 Section 1.3  New Functions from Old Functions  37

fore the graph of y − f sx 2 cd is just the graph of y − f sxd shifted c units to the right 
(see Figure 1).

Vertical and Horizontal Shifts  Suppose c . 0. To obtain the graph of

 y − f sxd 1 c, shift the graph of y − f sxd a distance c units upward

 y − f sxd 2 c, shift the graph of y − f sxd a distance c units downward

 y − f sx 2 cd, shift the graph of y − f sxd a distance c units to the right

 y − f sx 1 cd, shift the graph of y − f sxd a distance c units to the left

y=   ƒ1
c

x

y

0

y=f(_x)

y=ƒ

y=_ƒ

y=cƒ
(c>1)

x

y

0

y=f(x-c)y=f(x+c) y =ƒ

y=ƒ-c

y=ƒ+c

c

c

c c

Now let’s consider the stretching and reflecting transformations. If c . 1, then the  
graph of y − cf sxd is the graph of y − f sxd stretched by a factor of c in the vertical  
direction (because each y-coordinate is multiplied by the same number c). The graph of 
y − 2f sxd is the graph of y − f sxd reflected about the x-axis because the point sx, yd is 
replaced by the point sx, 2yd. (See Figure 2 and the following chart, where the results of 
other stretching, shrinking, and reflecting transformations are also given.)

Vertical and Horizontal Stretching and Reflecting Suppose c . 1. To obtain the 
graph of

 y − cf sxd, stretch the graph of y − f sxd vertically by a factor of c

 y − s1ycd f sxd, shrink the graph of y − f sxd vertically by a factor of c

 y − f scxd, shrink the graph of y − f sxd horizontally by a factor of c

 y − f sxycd, stretch the graph of y − f sxd horizontally by a factor of c

 y − 2f sxd, reflect the graph of y − f sxd about the x-axis

 y − f s2xd, reflect the graph of y − f sxd about the y-axis

Figure 3 illustrates these stretching transformations when applied to the cosine function 
with c − 2. For instance, in order to get the graph of y − 2 cos x we multiply the y-coordi-

FIGURE 2 Stretching and reflecting the graph of fFIGURE 1 Translating the graph of f
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38 chapter 1  Functions and Limits

nate of each point on the graph of y − cos x by 2. This means that the graph of y − cos x 
gets stretched vertically by a factor of 2.

x
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y=cos 2xy=cos    x1
2

x

1
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y

0

y=2 cos x

y=cos x

y=    cos x1
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1

ExamplE 1 Given the graph of y − sx , use transformations to graph y − sx 2 2, 

y − sx 2 2 , y − 2sx , y − 2sx , and y − s2x .

SoLUtion The graph of the square root function y − sx , obtained from Fig- 
ure 1.2.13(a), is shown in Figure 4(a). In the other parts of the figure we sketch 
y − sx 2 2 by shifting 2 units downward, y − sx 2 2  by shifting 2 units to the 
right, y − 2sx  by reflecting about the x-axis, y − 2sx  by stretching vertically by a 
factor of 2, and y − s2x  by reflecting about the y-axis.

(a) y=œ„x (b) y=œ„-2x (c) y=œ„„„„x-2 (d) y=_œ„x (e) y=2œ„x (f ) y=œ„„_x
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ExamplE 2 Sketch the graph of the function f sxd − x 2 1 6x 1 10.

SoLUtion Completing the square, we write the equation of the graph as

y − x 2 1 6x 1 10 − sx 1 3d2 1 1

This means we obtain the desired graph by starting with the parabola y − x 2 and shift-
ing 3 units to the left and then 1 unit upward (see Figure 5).

(a) y=≈ (b) y=(x+3)@+1

x0_1_3

1

y

(_3, 1)

x0

y

■

ExamplE 3� Sketch the graphs of the following functions.
(a) y − sin 2x (b) y − 1 2 sin x

FIGURE 4

FIGURE 5�

FIGURE 3
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 Section 1.3  New Functions from Old Functions 39

SoLUtion
(a) We obtain the graph of y − sin 2x from that of y − sin x by compressing horizon-
tally by a factor of 2. (See Figures 6 and 7.) Thus, whereas the period of y − sin x is  
2�, the period of y − sin 2x is 2�y2 − �.
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y
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π
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π
4

π

y=sin 2x

FIGURE 7�

(b) To obtain the graph of y − 1 2 sin x, we again start with y − sin x. We reflect  
about the x-axis to get the graph of y − 2sin x and then we shift 1 unit upward to get 
y − 1 2 sin x. (See Figure 8.)
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ExamplE 4� Figure 9 shows graphs of the number of hours of daylight as functions of 
the time of the year at several latitudes. Given that Philadelphia is located at approxi-
mately 408N latitude, find a function that models the length of daylight at Philadelphia.
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SoLUtion Notice that each curve resembles a shifted and stretched sine function. 
By looking at the blue curve we see that, at the latitude of Philadelphia, daylight 
lasts about 14.8 hours on June 21 and 9.2 hours on December 21, so the amplitude 
of the curve (the factor by which we have to stretch the sine curve vertically) is 
1
2 s14.8 2 9.2d − 2.8.

FIGURE 6�
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π
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π

y=sin x

FIGURE 8�

FIGURE 9 
 Graph of the length of daylight from 

March 21 through December 21  
at various latitudes 

Source: Adapted from L. Harrison,  
Daylight, Twilight, Darkness and Time   
(New York: Silver, Burdett, 1935), 40.
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40 chapter 1  Functions and Limits

By what factor do we need to stretch the sine curve horizontally if we measure the 
time t in days? Because there are about 365 days in a year, the period of our model 
should be 365. But the period of y − sin t is 2�, so the horizontal stretching factor  
is 2�y365.

We also notice that the curve begins its cycle on March 21, the 80th day of the 
year, so we have to shift the curve 80 units to the right. In addition, we shift it 12 units 
upward. Therefore we model the length of daylight in Philadelphia on the tth day of the 
year by the function

Lstd − 12 1 2.8 sinF 2�

365
st 2 80dG

■

Another transformation of some interest is taking the absolute value of a function. If 
y − | f sxd|, then according to the definition of absolute value, y − f sxd when f sxd > 0 
and y − 2f sxd when f sxd , 0. This tells us how to get the graph of y − | f sxd| from the 
graph of y − f sxd: the part of the graph that lies above the x-axis remains the same; the 
part that lies below the x-axis is reflected about the x-axis.

ExamplE 5� Sketch the graph of the function y − | x 2 2 1 |.
SoLUtion We first graph the parabola y − x 2 2 1 in Figure 10(a) by shifting the 
parabola y − x 2 downward 1 unit. We see that the graph lies below the x-axis when 
21 , x , 1, so we reflect that part of the graph about the x-axis to obtain the graph of 
y − | x 2 2 1| in Figure 10(b).	 ■

combinations of Functions
Two functions f  and t can be combined to form new functions f 1 t, f 2 t, ft, and fyt  
in a manner similar to the way we add, subtract, multiply, and divide real numbers. The 
sum and difference functions are defined by

s f 1 tdsxd − f sxd 1 tsxd       s f 2 tdsxd − f sxd 2 tsxd

If the domain of f  is A and the domain of t is B, then the domain of f 1 t is the inter-
section A > B because both f sxd and tsxd have to be defined. For example, the domain
of f sxd − sx  is A − f0, `d and the domain of tsxd − s2 2 x  is B − s2`, 2g, so the
domain of s f 1 tdsxd − sx 1 s2 2 x  is A > B − f0, 2g.

Similarly, the product and quotient functions are defined by

s ftdsxd − f sxdtsxd      S  f

tDsxd −
 f sxd
tsxd

The domain of ft is A > B. Because we can’t divide by 0, the domain of fyt is therefore 
hx [ A > B | tsxd ± 0j. For instance, if f sxd − x 2 and tsxd − x 2 1, then the domain 
of the rational function s fytdsxd − x 2ysx 2 1d is hx | x ± 1j, or s2`, 1d ø s1, `d. 

There is another way of combining two functions to obtain a new function. For
example, suppose that y − f sud − su  and u − tsxd − x 2 1 1. Since y is a function 
of u and u is, in turn, a function of x, it follows that y is ultimately a function of x. 
We compute this by substitution:

y − f sud − f stsxdd − f sx 2 1 1d − sx 2 1 1

The procedure is called composition because the new function is composed of the two 
given functions f  and t.

FIGURE 10
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 Section 1.3  New Functions from Old Functions 41

In general, given any two functions f  and t, we start with a number x in the domain 
of t and calculate tsxd. If this number tsxd is in the domain of f, then we can calculate 
the value of f stsxdd. Notice that the output of one function is used as the input to the next 
function. The result is a new function hsxd − f stsxdd obtained by substituting t into f. It 
is called the composition (or composite) of f  and t and is denoted by f 8 t (“ f  circle t”).

Definition Given two functions f  and t, the composite function f 8 t (also called 
the composition of f  and t) is defined by

s f 8 tdsxd − f stsxdd

The domain of f 8 t is the set of all x in the domain of t such that tsxd is in the domain  
of f. In other words, s f 8 tdsxd is defined whenever both tsxd and f stsxdd are defined. 
Figure 11 shows how to picture f 8 t in terms of machines.

ExamplE 6� If f sxd − x 2 and tsxd − x 2 3, find the composite functions f 8 t and t 8 f.

SoLUtion We have

 s f 8 tdsxd − f stsxdd − f sx 2 3d − sx 2 3d2

 st 8 f dsxd − ts f sxdd − tsx 2 d − x 2 2 3 ■

NOTE You can see from Example 6 that, in general, f 8 t ± t 8 f. Remember, the 
notation f 8 t means that the function t is applied first and then f  is applied second. In 
Example 6, f 8 t is the function that first subtracts 3 and then squares; t 8 f  is the function 
that first squares and then subtracts 3.

ExamplE 7 If f sxd − sx  and tsxd − s2 2 x , find each of the following functions 
and their domains.
(a) f 8 t      (b) t 8 f       (c) f 8 f       (d) t 8 t

SoLUtion
(a) s f 8 tdsxd − f stsxdd − f (s2 2 x) − ss2 2 x − s4 2 2 x 

The domain of f 8 t is hx | 2 2 x > 0j − hx | x < 2j − s2`, 2g.

(b) st 8 f dsxd − ts f sxdd − t(sx ) − s2 2 sx 

For sx  to be defined we must have x > 0. For s2 2 sx  to be defined we must have
2 2 sx > 0, that is, sx < 2, or x < 4. Thus we have 0 < x < 4, so the domain of 
t 8 f  is the closed interval f0, 4g.

(c) s f 8 f dsxd − f s f sxdd − f (sx ) − ssx − s4 x 

The domain of f 8 f  is f0, `d.

(d) st 8 tdsxd − tstsxdd − t(s2 2 x ) − s2 2 s2 2 x 

This expression is defined when both 2 2 x > 0 and 2 2 s2 2 x > 0. The first 
inequality means x < 2, and the second is equivalent to s2 2 x < 2, or 2 2 x < 4, or 
x > 22. Thus 22 < x < 2, so the domain of t 8 t is the closed interval f22, 2g. ■

FIGURE 11  
The f 8 t machine is composed of 
the t machine (first) and then the  
f  machine.
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If 0 < a < b, then a 2 < b 2.
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42 chapter 1  Functions and Limits
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 4�.  The graph of f  is given. Draw the graphs of the following 
functions.

 (a) y − f sxd 2 3 (b) y − f sx 1 1d
 (c) y − 1

2 f sxd (d) y − 2f sxd

x

y

0 1

2

 1.  Suppose the graph of f  is given. Write equations for the 
graphs that are obtained from the graph of f  as follows.

 (a) Shift 3 units upward.

 (b) Shift 3 units downward.

 (c) Shift 3 units to the right.

 (d) Shift 3 units to the left.

 (e) Reflect about the x-axis.

 (f ) Reflect about the y-axis.

 (g) Stretch vertically by a factor of 3.

 (h) Shrink vertically by a factor of 3.

 2.  Explain how each graph is obtained from the graph  
of y − f sxd.

 (a) y − f sxd 1 8 (b) y − f sx 1 8d
 (c) y − 8 f sxd (d) y − f s8xd
 (e) y − 2f sxd 2 1 (f) y − 8 f s 1

8 xd

 3�.  The graph of y − f sxd is given. Match each equation with 
its graph and give reasons for your choices.

 (a) y − f sx 2 4d (b) y − f sxd 1 3

 (c) y − 1
3 f sxd (d) y − 2f sx 1 4d

 (e) y − 2 f sx 1 6d

It is possible to take the composition of three or more functions. For instance, the com- 
posite function f 8 t 8 h is found by first applying h, then t, and then f  as follows:

s f 8 t 8 hdsxd − f stshsxddd

ExamplE 8 Find f 8 t 8 h if f sxd − xysx 1 1d, tsxd − x 10, and hsxd − x 1 3.

SoLUtion
 s f 8 t 8 hdsxd − f stshsxddd − f stsx 1 3dd

  − f ssx 1 3d10 d −
sx 1 3d10

sx 1 3d10 1 1
 ■

So far we have used composition to build complicated functions from simpler ones. 
But in calculus it is often useful to be able to decompose a complicated function into 
simpler ones, as in the following example.

ExamplE  9 Given Fsxd − cos2sx 1 9d, find functions f , t, and h such that F − f 8 t 8 h.

SoLUtion Since Fsxd − fcossx 1 9dg2, the formula for F says: First add 9, then take 
the cosine of the result, and finally square. So we let

hsxd − x 1 9      tsxd − cos x      f sxd − x 2

Then  s f 8 t 8 hdsxd − f stshsxddd − f stsx 1 9dd − f scossx 1 9dd

   − fcossx 1 9dg2 − Fsxd ■

1. 3  ExErcisEs
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 Section 1.3  New Functions from Old Functions 43

 5�.  The graph of f  is given. Use it to graph the following  
functions.

 (a) y − f s2xd (b) y − f (1
2 x)

 (c) y − f s2xd (d) y − 2f s2xd

x

y

0 1

1

  6�–7 The graph of y − s3x 2 x 2  is given. Use transformations  
to create a function whose graph is as shown.

1.5 y=œ„„„„„„3x-≈

x

y

30

 6�. 

5 x

y

20

3

 7. 

_4
_1

_2.5

x

y

_1 0

 8. (a)  How is the graph of y − 2 sin x related to the graph of 
y − sin x? Use your answer and Figure 6 to sketch the  
graph of y − 2 sin x.

 (b)  How is the graph of y − 1 1 sx   related to the graph of 
y − sx

  

? Use your answer and Figure 4(a) to sketch the 
graph of y − 1 1 sx .

9–24� Graph the function by hand, not by plotting points, but by 
starting with the graph of one of the standard functions given in 
Section 1.2, and then applying the appropriate transformations.

 9. y − 2x 2 10. y − sx 2 3d2

 11. y − x 3 1 1 12. y − 1 2
1

x

 13�. y − 2 cos 3x 14�. y − 2sx 1 1 

 15�. y − x 2 2 4x 1 5 16�. y − 1 1 sin �x

 17. y − 2 2 sx  18. y − 3 2 2 cos x

 19. y − sin( 1
2 x) 20. y − | x | 2 2

 21. y − | x 2 2 | 22. y −
1

4
 tanSx 2

�

4 D
 23�. y − | sx 2 1 | 24�. y − | cos �x |

 25�.  The city of New Orleans is located at latitude 30°N. Use 
Figure 9 to find a function that models the number of hours 
of daylight at New Orleans as a function of the time of year. 
To check the accuracy of your model, use the fact that on 
March 31 the sun rises at 5:51 am and sets at 6:18 pm in  
New Orleans. 

 26�.  A variable star is one whose brightness alternately increases 
and decreases. For the most visible variable star, Delta 
Cephei, the time between periods of maximum brightness is 
5.4 days, the average brightness (or magnitude) of the star 
is 4.0, and its brightness varies by 60.35 magnitude. Find 
a function that models the brightness of Delta Cephei as a 
function of time.

 27.  Some of the highest tides in the world occur in the Bay of 
Fundy on the Atlantic Coast of Canada. At Hopewell Cape 
the water depth at low tide is about 2.0 m and at high tide  
it is about 12.0 m. The natural period of oscillation is  
about 12 hours and on June 30, 2009, high tide occurred  
at 6:45 am. Find a function involving the cosine function  
that models the water depth Dstd (in meters) as a function  
of time t (in hours after midnight) on that day.

 28.  In a normal respiratory cycle the volume of air that moves 
into and out of the lungs is about 500 mL. The reserve and 
residue volumes of air that remain in the lungs occupy 
about 2000 mL and a single respiratory cycle for an average 
human takes about 4 seconds. Find a model for the total 
volume of air Vstd in the lungs as a function of time.

 29. (a)  How is the graph of y − f (| x |) related to the graph of f ?
 (b) Sketch the graph of y − sin | x |.
 (c) Sketch the graph of y − s| x |.
 3�0.  Use the given graph of f  to sketch the graph of y − 1yf sxd. 

Which features of f  are the most important in sketching 
y − 1yf sxd? Explain how they are used.

1

10 x

y
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44 chapter 1  Functions and Limits

 (d) st 8 f ds6d (e) st 8 tds22d (f ) s f 8 f ds4d

x

y

0

fg

2

2

 5�4�.  Use the given graphs of f  and t to estimate the value of 
f stsxdd for x − 25, 24, 23, . . . , 5. Use these estimates to 
sketch a rough graph of f 8 t.

g

f

x

y

0 1

1

 5�5�.  A stone is dropped into a lake, creating a circular ripple that 
travels outward at a speed of 60 cmys.

 (a)  Express the radius r of this circle as a function of the  
time t (in seconds).

 (b)  If A is the area of this circle as a function of the radius, 
find A 8 r and interpret it.

 5�6�.  A spherical balloon is being inflated and the radius of the 
balloon is increasing at a rate of 2 cmys.

 (a)  Express the radius r of the balloon as a function of the  
time t (in seconds).

 (b)  If V is the volume of the balloon as a function of the 
radius, find V 8 r and interpret it.

 5�7.  A ship is moving at a speed of 30 kmyh parallel to a straight 
shoreline. The ship is 6 km from shore and it passes a light-
house at noon.

 (a)  Express the distance s between the lighthouse and the ship 
as a function of d, the distance the ship has traveled since 
noon; that is, find f  so that s − f sdd.

 (b)  Express d as a function of t, the time elapsed since noon; 
that is, find t so that d − tstd.

 (c)  Find f 8 t. What does this function represent?

 5�8.  An airplane is flying at a speed of 350 miyh at an altitude of 
one mile and passes directly over a radar station at time t − 0.

 (a)  Express the horizontal distance d (in miles) that the plane 
has flown as a function of t.

 (b)  Express the distance s between the plane and the radar  
station as a function of d.

 (c) Use composition to express s as a function of t.

3�1–3�2 Find (a) f 1 t, (b) f 2 t, (c) ft, and (d) fyt and state their 
domains.

 3�1.  f sxd − x 3 1 2x 2, tsxd − 3x 2 2 1

 3�2. f sxd − s3 2 x , tsxd − sx 2 2 1

 3�3�–3�8 Find the functions (a) f 8 t, (b) t 8 f , (c) f 8 f , and (d) t 8 t 
and their domains.

 3�3�. f sxd − 3x 1 5, tsxd − x 2 1 x

 3�4�. f sxd − x 3 2 2, tsxd − 1 2 4x 

 3�5�. f sxd − sx 1 1, tsxd − 4x 2 3

 3�6�. f sxd − sin x, tsxd − x 2 1 1

 3�7. f sxd − x 1
1

x
, tsxd −

x 1 1

x 1 2

 3�8. f sxd −
x

1 1 x
, tsxd − sin 2x

 3�9–4�2 Find f 8 t 8 h.

 3�9. f sxd − 3x 2 2, tsxd − sin x,  hsxd − x 2

 4�0. f sxd − | x 2 4 |, tsxd − 2 x,  hsxd − sx 

 4�1. f sxd − sx 2 3 , tsxd − x 2,  hsxd − x 3 1 2

 4�2. f sxd − tan x, tsxd −
x

x 2 1
,  hsxd − s3 x 

 4�3�–4�8 Express the function in the form f 8 t.

 4�3�. Fsxd − s2x 1 x 2d4 4�4�. Fsxd − cos2x

 4�5�. Fsxd −
s3 x 

1 1 s3 x 
 4�6�. Gsxd −   3Î x

1 1 x
 

 4�7. vstd − secst 2d tanst 2d 4�8. ustd −
tan t

1 1 tan t

 4�9–5�1 Express the function in the form f 8 t 8 h.

 4�9. Rsxd − ssx 2 1  5�0. Hsxd − s8 2 1 | x | 
 5�1. Sstd − sin2scos td

 5�2. Use the table to evaluate each expression.
 (a)  f sts1dd (b) ts f s1dd (c) f s f s1dd
 (d) tsts1dd (e) st 8 f ds3d (f ) s f 8 tds6d

x 1 2 3 4 5 6

f sxd 3 1 4 2 2 5

tsxd 6 3 2 1 2 3

 5�3�.  Use the given graphs of f  and t to evaluate each expression, or 
explain why it is undefined.

  (a) f sts2dd (b) ts f s0dd (c) s f 8 tds0d
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 5�9. The Heaviside function H is defined by

Hstd − H0

1

if  t , 0

if  t > 0

   It is used in the study of electric circuits to represent the 
sudden surge of electric current, or voltage, when a switch is 
instantaneously turned on.

 (a) Sketch the graph of the Heaviside function.
 (b)  Sketch the graph of the voltage Vstd in a circuit if the 

switch is turned on at time t − 0 and 120 volts are  
applied instantaneously to the circuit. Write a formula  
for Vstd in terms of Hstd.

 (c)  Sketch the graph of the voltage Vstd in a circuit if the 
switch is turned on at time t − 5 seconds and 240 volts 
are applied instantaneously to the circuit. Write a formula 
for Vstd in terms of Hstd. (Note that starting at t − 5  
corre sponds to a translation.)

 6�0.  The Heaviside function defined in Exercise 59 can also be  
used to define the ramp function y − ctHstd, which repre-
sents a gradual increase in voltage or current in a circuit.

 (a) Sketch the graph of the ramp function y − tHstd.
 (b)  Sketch the graph of the voltage Vstd in a circuit if the 

switch is turned on at time t − 0 and the voltage is gradu-
ally increased to 120 volts over a 60-second time interval. 
Write a formula for Vstd in terms of Hstd for t < 60.

In this section we see how limits arise when we attempt to find the tangent to a curve or 
the velocity of an object.

the tangent problem
The word tangent is derived from the Latin word tangens, which means “touching.” Thus 
a tangent to a curve is a line that touches the curve. In other words, a tangent line should 
have the same direction as the curve at the point of contact. How can this idea be made 
precise?

For a circle we could simply follow Euclid and say that a tangent is a line that 
intersects the circle once and only once, as in Figure 1(a). For more complicated curves 
this definition is inadequate. Figure l(b) shows two lines l and t passing through a point 
P on a curve C. The line l intersects C only once, but it certainly does not look like what 
we think of as a tangent. The line t, on the other hand, looks like a tangent but it intersects 
C twice.

To be specific, let’s look at the problem of trying to find a tangent line t to the parabola 
y − x 2 in the following example.

ExamplE 1 Find an equation of the tangent line to the parabola y − x 2 at the  
point Ps1, 1d.

SoLUtion We will be able to find an equation of the tangent line t as soon as we know 
its slope m. The difficulty is that we know only one point, P, on t, whereas we need two 
points to compute the slope. But observe that we can compute an approximation to m 

(a)

(b)

t

P
Ct

l

FIGURE 1 

 (c)  Sketch the graph of the voltage Vstd in a circuit if the 
switch is turned on at time t − 7 seconds and the voltage 
is gradually increased to 100 volts over a period of 25 sec-
onds. Write a formula for Vstd in terms of Hstd for t < 32.

 6�1.  Let f  and t be linear functions with equations f sxd − m1x 1 b1 
and tsxd − m2 x 1 b2. Is f 8 t also a linear function? If so, 
what is the slope of its graph?

 6�2.  If you invest x dollars at 4% interest compounded annually,  
then the amount Asxd of the investment after one year is 
Asxd − 1.04x. Find A 8 A, A 8 A 8 A, and A 8 A 8 A 8 A. What 
do these compositions represent? Find a formula for the com-
position of n copies of A.

 6�3�. (a)  If tsxd − 2x 1 1 and hsxd − 4x 2 1 4x 1 7, find a func-
tion f  such that f 8 t − h. (Think about what operations 
you would have to perform on the formula for t to end up 
with the formula for h.)

 (b)  If f sxd − 3x 1 5 and hsxd − 3x 2 1 3x 1 2, find a func-
tion t such that f 8 t − h.

 6�4�.  If f sxd − x 1 4 and hsxd − 4x 2 1, find a function t such  
that t 8 f − h.

 6�5�.  Suppose t is an even function and let h − f 8 t. Is h always an 
even function?

 6�6�.  Suppose t is an odd function and let h − f 8 t. Is h always an 
odd function? What if f  is odd? What if f  is even?
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