
Chapter 15

Multiple Integrals
15.9 Change of variables in multiple integrals



Change of Variable in polar coordinate.

Change of variable from Calculus I

If x = r cos θ and y = r sin θ, then
ZZ

D

f(x, y) dA =

ZZ

S

f(r cos θ, r sin θ)r drdθ

If x = g(u), then Z b

a

f(x) dx =

Z d

c

f(g(u))g′(u) du

where a = g(c) and b = g(d).

where R is a region in the xy-plane and
S is a region in the rθ-plane.

General transformation in 2D.
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Two equations for x and y:

(x, y) = T (u, v) ⇐⇒ x = x(u, v) and y = y(u, v)

Image: Domain: The region S is the set of all
possible inputs.

The region R is the set of
possible outputs.
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Goal: Find how dA is transformed after the transformation.

Effect of a change of variables in double integral.
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ordA =
���∂(x, y)
∂(u, v)

��� dvdu

type I
type II

dA =
���∂(x, y)
∂(u, v)

��� dudv

Remarks:
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Effect of change of variable in Triple integrals.

Spherical coordinates.

(x, y, z) = T (ρ, θ,ϕ) = (ρ sinϕ cos θ, ρ sinϕ sin θ, ρ cosϕ)

This implies that

dV = ρ2 sinϕ dρ dθ dϕ

Jacobien of the transformation.

Jacobian in 3D:

Transformation in 3D:

• A function T from a region S in the uvw-space
into a region R in the xyz-space.

• So

⇕
(x, y, z) = T (u, v, w)

x = x(u, v, w), y = y(u, v, w) and z = z(u, v, w)

∂(x, y, z)

∂(u, v, w)
=

������

xu xv xw

yu yv yw
zu zv zw

������

Important fact: If T−1 : R → S exists, then
∂(u, v, w)

∂(x, y, z)
=

1
∂(x,y,z)
∂(u,v,w)
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