Chapter 16
Vector Calculus

16.7 Surface Integrals



Surface Differential

ExXAMPLE. Find the area of the following parametric surface S:
https://www.desmos.com/3d/728faf627a

|
‘ Parametric Equations
| x = cos ((m/2)u)

Y = sin ((7/2)u)

0<u<1l,0<v< 1.

1. Divide the uwv-region in small rectangles.
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2. Approximate the area of each small piece.
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Surface Area Differential:

dS = |F, x 7,|dA
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Integral of scalar-valued functions.

Data:
e A surface S.
e A parametrization 7(u, v) of the surface with domain D.

o A scalar-valued function f(x,y,z). —> T A"‘“ﬁ L

—p tempers
//s fley,2)d5 = //D f (@ (u, v)) |7 x 7| dA

5-20 Evaluate the surface integral.

5. |ls(x + y + 2)dS,
S 18 the parallelogram with parametric equations x = u + v,
y=u—-—vz=1+2u+v,0=su=s20=sv=1

'#(203\2\): XY tT T luw) = <w) w-v, 1\‘1’/2\&\'&V>.

o Z

@ FIY\A( ?wx-?\, \3
Pw=<’) 1)2>
?1: 41)431>

= <3)-(-\>J~l>

@ Tnlyod
(| ngrn 3 = JJ @ede b (oD [2,R
D

> :gg Gu» 1V—v\>)<5,\\‘7'>\\ 3 A

D

3/12



- jl SL (4UL+\,+D Javt+d 7 dudy
[ o

[ ) b

=LW- Ik




EXAMPLE.

Evaluate / / zdS, where S is the surface whose sides are given by the cylinder
S

z? +y* =1 from z = 0 to z = 2 and whose bottom is the disk 2% + y? < 1 in
the plane z = 0.
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Surface integral of Vector Fields.

e Non-orientable surfaces.

N
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/

https://www.desmos.com/3d/45663aa8e7

e Orientable surface.

https://www.desmos.com/3d/b9f507b01b
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e We assume that the surface is orientable, so that there is
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a well-defined normal vector.

e For a parametric surface with parametrization 7(u,v) :
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EXAMPLE.
Find a normal vector at every point of a sphere of equation

oyt 422 =1
?(0;€P)= < cosBsing , smb Sf“¢1 cosd>>

0<0 £2m, 0<¢ e
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Positive orientation of a closed surface.
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Flux integral (or Surface integral).

= Data:
F e An orientable surface S.

e A parametrization (u,v) of the surface.
e A vector field F(z,y, 2).

Approx. Flux through
each sub-rectangle:

AT

—

\,y —_ p— =
F-AS=F-nAS
https://www.desmos.com/3d/d51cd6d708

//F ds = //FndS // (T X Ty) dA

reyion 04( e ’Dataw\e\-ers W owd v .

EXAMPLE.

Find the flux integral of ﬁ(:l:, y,z) = (xy,yz, zx) through the part of the
paraboloid z = 4 — 2% — 32 lying above the square [0,1] x [0, 1] and with
upward orientation.

Taramelvzation
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EXAMPLE.
Find the flux integral of F(z,y, z) = (x,2y,3z) if S is a

cube with diagonal (0,0,0) to (1,1,1) and S has the
positive orientation.
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Gauss' Law

The net charge enclosed by a closed surface S is

Qzeoffgﬁ-dg

where F is the electric field and £o is the permittivity of free space.
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