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Curl in 3D

Definition 1. If F⃗ = ⟨P, Q, R⟩ is a vector field in 3D,
then

curl F⃗ = ⟨Ry − Qz, Pz − Rx, Qx − Py⟩ .

Another way to write curl F⃗ is as followed. Define

∇⃗ =
* ∂

∂x
,

∂

∂y
,

∂

∂z

+

=⇒ curl F⃗ = ∇⃗ × F⃗ .

Example 1. Find the curl of F⃗ = ⟨xz, xyz, −y2⟩.
Solution.
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Theorem 1. Let F⃗ = ⟨P, Q, R⟩. If

• P, Q, R have continuous partial derivatives.

• curl F⃗ = 0⃗.

Then F⃗ is conservative.

Example 2. Let F⃗ (x, y, z) = ⟨y2z3, 2xyz3, 3xy2z2⟩.
a) Show that F⃗ is conservative.

b) Find a function f such that F⃗ = ∇⃗f .

Solution.
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Stokes’ Theorem

Recall Green’s Theorem:
Z

C
F⃗ · dr⃗ =

ZZ

D
Qx − Py dA,

where C is orientated positively. Writing F⃗ = ⟨P, Q, 0⟩:

Qx − Py = ⟨0, 0, Qx − Py⟩ · ⟨0, 0, 1⟩ = curl F⃗ · k⃗

so that Z

C
F⃗ · dr⃗ =

ZZ

D
F⃗ · k⃗ dA.

A particular case of Stokes’ Theorem.

Theorem 2. Assume

• S be an oriented surface bounded by a loop C with
orientation induced by the surface.

• F⃗ = ⟨P, Q, R⟩ with P, Q, R having continuous par-
tial derivatives.

Then, Z

C
F⃗ · dr⃗ =

ZZ

S
curl F⃗ · dS⃗.

Rule of Thumb: What we mean by the orientation in-
duced by the surface is: we apply the right-hand rule with
the thumb pointing in the direction of the normal vector.
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Example 3. Let F⃗ (x, y, z) = ⟨x + y2, y + z2, z + x2⟩
and C is the triangle with vertices (1, 0, 0), (0, 1, 0), and
(0, 0, 1). Compute Z

C
F⃗ · dr⃗.

Solution.
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Example 4. Let F⃗ (x, y, z) = ⟨zey, x cos y, xz sin y⟩ and
S be the hemisphere x2 + y2 + z2 = 16, y ≥ 0 oriented in
the direction of the positive y-axis. Compute

ZZ

S
curl F⃗ · dS⃗.

Solution.
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