Chapter 15
Multiple Integrals

15.1 Double Integrals over a rectangle



Definite integrals over an interval.
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1) Divide the interval in n parts of equal length Ax
2) Name each subinterval [a, z1], [x1,x2], ..

3) Choose some point x] in [a, z1], x5 in |21, x3], ...
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, T in [Xp_1,0]

= Total Area of rectangles = f(x])Ax + f(z5)Azx+ -+ f(z))Ax

4) Take the limit as n — oo

Useful Fact:

b n
| f@dn = lim 3" pah)a
a =1
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Volumes and Double Integrals.

ok . Given:

I \ e A function z = f(z,y)
1 e The domain R = [a,b] X [c,d]
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0 a X, X, Xi—1 X;
1) Divide |a, b] in m equal parts Ax
2) Divide [c, d] in n equal parts Ay
3) Create the rectangle R;; = [z;—1, ;] X [yj—1, Yj]
)

4) Select a point (z7;,y;;) in R
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2nd Step: Approximate the volume by "buildings"

ey

1) Volume of a building: AA - f(z};,vi;)

17
2) Total volume:

m n

V= ZZf(x:jay;j)'AA

i=1 j=1

3) Take the limit as m,n — oo :

//R f(w,y)dA = ol D> flagyAA

i=1 j=1

Useful Fact:
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EXAMPLE 1 Estimate the volume of the solid that lies above the square

R = [0, 2] X [0, 2] and below the elliptic paraboloid z = 16 — x* — 2y*. Divide R into
four equal squares and choose the sample point to be the upper right corner of each
square R;;. Sketch the solid and the approximating rectangular boxes.
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Evaluating Integrals with cartesian coordinates: Iterated Integrals

Fubini's Theorem:

//Rf(ar,y)dA:/Cd/abf(x,y)da:dy:/ab/cdf(:,;’y)dydx
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EXAMPLE 4 Evaluate the iterated integrals.
3 2 2 3
(a) fo .[1 x%y dy dx (b) fl fo x’ydxdy
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Example.

Evaluate the following integral:

/ / * dudo
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EXAMPLE 7 Find the volume of the solid S that is bounded by the elliptic paraboloid
x* + 2y* + z = 16, the planes x = 2 and y = 2, and the three coordinate planes.
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EXAMPLES8 If R = [0,7/2] x [0,7/2], then compute // sin x cosy dA.
R

Useful Fact:

/ /R g(x)h(y) dA =

(/ gty do) ( / "h(w) dy)

where R = [a, b] X [c,d]
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