
Chapter 15

Multiple Integrals
15.1 Double Integrals over a rectangle



Definite integrals over an interval.

p.1

Function f(x)

1) Divide the interval in n parts of equal length ∆x

2) Name each subinterval [a, x1], [x1, x2], . . . , [xn−1, b]

3) Choose some point x∗
1 in [a, x1], x

∗
2 in [x1, x2], . . . , x

∗
n in [xn−1, b]

⇒ Total Area of rectangles = f(x∗
1)∆x+ f(x∗

2)∆x+ · · ·+ f(x∗
n)∆x

4) Take the limit as n → ∞

Z b

a

f(x) dx = lim
n→∞

nX

i=1

f(x∗
i )∆x

Useful Fact:



Volumes and Double Integrals.

p.2

1st Step: Divide the domain to create a grid.

Given:

• A function z = f(x, y)
• The domain R = [a, b]× [c, d]

1) Divide [a, b] in m equal parts ∆x
2) Divide [c, d] in n equal parts ∆y
3) Create the rectangle Rij = [xi−1, xi]× [yj−1, yj ]
4) Select a point (x∗

ij , y
∗
ij) in Rij



2nd Step: Approximate the volume by "buildings"

3) Take the limit as m,n → ∞ :

Useful Fact:

p.3

V =

mX

i=1

nX

j=1

f(x∗
ij , y

∗
ij) ·∆A

ZZ

R

f(x, y) dA = lim
n,m→∞

mX

i=1

nX

j=1

f(x∗
ij , y

∗
ij)∆A

1) Volume of a building: ∆A · f(x∗
ij , y

∗
ij)

2) Total volume:



p.4



Evaluating Integrals with cartesian coordinates: Iterated Integrals

Fubini's Theorem:

p.5

ZZ

R

f(x, y) dA =

Z d

c

Z b

a

f(x, y)dxdy =

Z b

a

Z d

c

f(x, y) dydx



p.6



Example. Evaluate the following integral:

p.7

Z 1

0

Z 1

0

v(u2 + v2)4 dudv



p.8



If R = [0,π/2]× [0,π/2], then compute

ZZ

R

sinx cos y dA.

Useful Fact: ZZ

R

g(x)h(y) dA =
� Z b

a

g(x) dx
�� Z d

c

h(y) dy
�

where R = [a, b]× [c, d]

p.9


