Chapter 15
Multiple Integrals

15.6 Triple integrals



Definition
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e A box B = |a,b] X [¢,d] X [r, s]
e Divide [a, b] in [ parts

e Divide [c, d] in m parts

e Divide [r, s| in n parts

Heat in a small box

Total heat in box

The triple integral of f over the box B is
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Triple integrals in cartesian coordinates

e Write explicitly B = {(z,y,2) : a<x<b,c<y<d,r<z<s}
e Divide [a, b] in parts of length Ax.
e Divide [¢,d] in parts of length Ay.
e Divide [r, s] in parts of length Acz.
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Fubini's Theorem for triple integrals

///Bf(“”’y’z)dvz[SLdLbf(w,y,z)dxdydz

the function must be continuous on the box B.
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EXAMPLE 1 Evaluate the triple integral |||, xyz*>dV, where B is the rectangular box
given by
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B = {(x,y, z) | 0=x

QUESTION. What are the 5 other configurations of dx, dy, dz in a triple integral?
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General Domains.

For E a general solid, let B be a box containing FE.
Define a function F' on B :

| flx,y,2)  if (z,y,2) € E

Iﬁ ///Ef(a:,y,z)dVZ///BF(:E,y,z)dV

Domain of type 1.

ZA |
Z=UH(X, )

e Solid £ is bounded along the E /

2z — axis by two functions.
e Define D to be the shadow of ‘ |

E in the zy — plane. | . -\/: = Uyx, y)
e The domain D can be of ol | 4 |

|

type I or type II. \fq\»
/ | :
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EXAMPLE 2 Evaluate ([, z dV, where E is the solid tetrahedron bounded by the four
planesx =0,y =0,z=0,andx + y + z = 1.
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Domains of type 2. &

e Solid E is bounded along the A
x — axis by two functions. 0 o D

e Define D to be the shadow of % _
E in the yz — plane. > -

e The domain D can be of = ) >

type I or type II. X / )
X=1uly,z)
uz(y,z2)
// f(x,y,2)dV = // / xy,z)da:}dA
(y,2)

Domains of type 3.

e Solid F is bounded along the
y — axis by two functions. V= U, (X, Z)
e Define D to be the shadow of / \ |~ ——=
FE in the xz — plane. D
e The domain D can be of
type I or type II. Z _

w2 (x,2)
// f(z,y,2)dV = // /( | a:y,z)dy}dA
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EXAMPLE 3 Evaluate |||, +/x2 + z2 dV, where E is the region bounded by the parabo
loid y = x* + z? and the plane y = 4.
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EXAMPLE 4 Express the iterated integral |, f(‘,’i(‘) f(x, v, z) dz dy dx as atriple integral
and then rewrite it as an iterated integral in a different order, integrating first with respect
to x, then z, and then y.
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Application: computing volumes of solids.

Vol(E) = / / /E dv

EXAMPLE. Use a triple integral to find the volume of the tetrahedron
T bounded by the planes x + 2y + 2z = 2,2 =2y, = 0, and
z = 0.




