Chapter 15
Multiple Integrals

15.8 Triple integrals in spherical coordinates



Spherical coordinates

EXAMPLE. Describe the solid bounded by the sphere (picture below).

Definition

” Cartesian > Spherical

x = psin ¢ cos
P(x,y,z) Yy — psi ¢ S1I1 9
P(p, 0, @)

2 = pCoS ¢

P'(x, y, 0)
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EXAMPLE 1 The point (2, 77/4, 7r/3) is given in spherical coordinates. Plot the point
and find its rectangular coordinates.

EXAMPLE 2 The point (O, 2./3, —2) is given in rectangular coordinates. Find spherical
coordinates for this point.
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Equations of important solids.

Sphere of radius R.

p=R

Half planes.

0 = c
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Question.

0<c<m/2

Find the equation of the half-plane in the picture below in spherical
coordinates. The plane is making an angle of c with the xy-plane.

z




Evaluating integrals in sperical coordinates.

Spherical Wedge

E ={(psin¢cosb, psin¢psinb, pcos ) :

ZN

We can show that

ZJ

a<p<balO0<pB,c<op<d}

\

p sin ¢ A0 YA% \

r AG=psingd A6

AV = p?sing Ap A A¢

As the number of subdivisions goes to infinity, we obtain

dV = p?sin ¢ dp df do

Formula for the change of variable (in spherical coordinates).

///E flrdv = /cd /j /ab Flpsin(@) cos(0), psin(9) sin(6), peos(9)) p*sin(9) dpdf do
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EXAMPLE 3 Evaluate [|{, e""**7"* @V, where B is the unit ball:

B={(x,y,z)|x2+y2+zzsl}
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EXAMPLE 4 Use spherlcal coordinates to find the Volume of the solid that lles above the
cone z = /x2 + y2 and below the sphere x* + y* + z* = z.
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