Chapter 16
Vector Calculus

16.3 The Fundamental Theorem for Line Integrals



The Theorem
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Let C' be a smooth curve parametrized by 7(t), a <t < b. Then

/C Vf-dif = F(7(b) — f(7(a)),

for any function f with a continuous \Y f.

e By a path, we mean a piecewise smooth curve C.
e By a closed path, we mean a path that start and finish at the same point.
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Independence of Path.

ending point.

A line integral of a vector field F is said to be independent
of path in a region if

/ﬁdf:/ F - dr,
Cl CZ

for any path C7 and C5 having the same starting point and

EXAMPLE. Determine if the line integral of the following vector field F
is independent of path.
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Equivalent way:
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Fis independent of path is equivalent to satisfying
the following condition:

/ﬁdF:O
C

for every closed path C.
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Link between conservative fields and independence of path

Theorem

Suppose a vector field F is defined on the whole of R? (resp. R?)

If the line integral / F . dris independent of path, then Fisa
C

conservative vector field.

Proof: See the end of page 1129 in the textbook.

An easier way in 2D

Theorem

Assume F(z,y) = P(z,y)i + Q(z,y)J is defined for every point (z,y).
Assume that P and () have continuous partial derivatives. Then the
following are equivalent:

a) F'is conservative.

b) Qu — P, = 0.

e The quantity (), — P, expresses the tendency of a vector field to rotate
about a point.

EXAMPLE 2 Determine whether or not the vector field

Fx,y) =& —yi+(x—2)]j

1S conservative.
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EXAMPLE 3 Determine whether or not the vector field

F(x,y) = (3 + 2xy)i + (x> — 3y%)j

1S conservative.

EXAMPLE 4
(@) fF(x,y) = (3 + 2xy)i + (x> — 3y?)j, find a function f such that F = VY.
(b) Evaluate the line integral j'C F - dr, where C is the curve given by

r(r) = e'sinti + e'costj Osr=nmw
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