
MATH-244 Fall 2023 Practice Problems Solutions
Section 16.2 Pierre-Olivier Parisé

Problem 2

We have x′(t) = 3t2 and y′(t) = 4t3. So, the line integral becomes∫
C

(x/y) ds =
∫ 2

1
(t3/t4)

√
9t4 + 16t6 dt = 3

∫ 2

1
t
√

1 + (4t/3)2 dt.

By letting u = 1 + (4t/3)2, we get∫
C

(x/y) ds = 1
48(73

√
73 − 125) ≈ 10.390.

Problem 8

We parametrize the circle C1 described by x2 + y2 = 2 with x = 2 cos(t) and y = 2 sin(t). Since
we only need the part of the circle going from (2, 0) to (0, 2), the parameter lies in 0 ≤ t ≤ π/2 (a
quarter of a circle).

We have x′(t) = −2 sin(t) and y′(t) = 2 cos(t). So, the contour integral is∫
C1

x2dx + y2dy =
∫ π/2

0
(−8) cos2(t) sin(t) dt + 8

∫ π/2

0
sin2(t) cos(t) dt = −8

∫ 1

0
t2 dt + 8

∫ 1

0
t2 dt.

So we obtain ∫
C1

x2dx + y2dy = 0.

We parametrized the line segment C2 by x = 4t and y = 2 + t where 0 ≤ t ≤ 1. So x′(t) = 4 and
y′(t) = 1. The contour integral is then∫

C2
x2 dx + y2 dy =

∫ 1

0
64t2 dt +

∫ 1

0
(2 + t)2 dt = 64

3 + 8
3 = 24.

If C = C1 ∪ C2, then from the properties of the line integral, we obtain∫
C

x2dx + y2dy =
∫

C1
x2dx + y2dy +

∫
C2

x2 dx + y2 dy = 24.

Problem 18

The expression in the line integral of a vector field F⃗ is F⃗ (r⃗(t)) · r⃗′(t). This is also the following
expression

F⃗ (r⃗(t)) · r⃗′(t) = ∥F⃗∥∥r⃗′∥ cos(θ(t))
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where θ(t) is the angle between the two vectors. If θ(t) is always between 0 and π/2, then the
dot product is always positive because the cosine function is positive there and if θ(t) is always
between π/2 and π, then the dot product is always negative because the cosine function is negative
there.

C1. The angle between the tangent vector r⃗′(t) (which is always perpendicular to the radius of
the circle) and the vector field is always between 0 and π/2. So the dot product is always
positive and so the integral is positive.

C2. Along most of the path, the angle between the tangent vector r⃗′(t) (which is again perpen-
dicular to the radius of the circle) and the vector field is between π/2 and π. The length
of the vectors in the vector field are also bigger in this area of the curve. At the beginning
of the curve C2, we can see that the angle is less than π/2, but the modulus of the vectors
in the vector field are small in this area. So this makes the dot product also small. So the
all the weight goes on the part where the angles are between π/2 and π and, thus, the line
integral is negative.

Problem 22

We have r⃗ ′(t) = (− sin t)⃗i + cos(t)⃗j + k⃗. So,

F⃗ (r⃗(t)) · r⃗ ′ = − cos t sin t + cos t sin t + cos t sin t = cos t sin t.

Thus, we obtain ∫
C

F⃗ · dr⃗ =
∫ π

0
cos t sin t dt =

∫ π

0
(1/2) sin(2t) dt = 0.

Problem 41

The line segment is parametrize by

r⃗(t) = ⟨2t, t, 1 − t⟩ (0 ≤ t ≤ 1).

The work done by the vector field over the line segment is given by the line integral of the vector
field over the line segment. We have r⃗ ′(t) = ⟨2, 1, −1⟩ and

F⃗ (r⃗(t)) =
〈
2t − t2, t − (1 − t)2, 1 − t − 4t2

〉
.

So, the expression of the line integral is

W =
∫ 1

0

〈
2t − t2, t − (1 − t)2, 1 − t − 4t2

〉
· ⟨2, 1, −1⟩ dt

=
∫ 1

0
4t − 2t2 + t − (1 − t)2 − 1 + t + 4t2 dt

= 7/3
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