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Recall the following :

@ z = (x,y), a point in R2.

@ f(2) = f(x,y) = u(x,y) + iv(x, ).
@ If ¢ = ¢(x,y), then

P(xo + Ax, yo) — (X0, y0)

%(XOJ/O) = ¢x(x0,¥0) = lim

Ax—0 Ax
and
?;;(meo) = dyl0.y0) = Jim P, o + AAyy) — 200:y0)
Notice that
fao) = Jim TV L) s gy = i EEE) M)
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\EICEEETAE G EIN  Approaching Horizontally

Set Az = Ax, for Ax € R. Then

f(z0 + Ax) — f(z0)

! = i
(ZO) A>I<r10 Ax
— i f(XO + AX?YO) - f(XanO)
= m
Ax—0 Ax
— i u(xo + Ax, yo) — u(x0, y0) | .v(x0 + Ax, yo) — v(xo, y0)
= |im +1
Ax—0 Ax Ax
— i YO0+ Ax, yo) — u(x0, y0)
Ax—0 Ax
i lim v(xo + Ax, y0) — v(x0, Yo)
Ax—0 Ax

= ux(X0, ¥0) + vx(X0, ¥0)-

Conclusion : '(z) = ux(x0, o) + ivx(x0, ¥0)-
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\EICEEETAGGIEIIENN  Approaching Vertically

Set Az = Ay, for Ay € R. Then

f(zo + iAy) — f(z0)

' = |
(20) A}I/~>0 iAy
i f(x0, Yo + Ay) — f(x0, y0)
Ay—0 iAy
_ u(xo, yo + Ay) — u(xo, y0) . .v(x0,¥0 + Ay) — v(xo, Yo)
= | - + 1/ ,
Ay—0 iAy iAy
_ uy(xo, Yo)

+ vy (x0, Yo0)

1
= vy (x0, y0) — iuy(x0, ¥0)-

Conclusion : f'(zy) = v, (xo, y0) — iuy(x0, ¥0).
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Necessary Conditions Necessary Condition

Conclusion :

ux(x0, ¥0) + ivx(x0, ¥0) = ' (X0, Yo) = vy (X0, Yo) — ity (X0, ¥0)-

Theorem (Cauchy-Riemann Equations, Necessary conditions)
If f = u+ ivis analytic in an open set U, then
@ Ux, Uy, Vx, V, exist.

@ ux = vy and u, = —vy (C-R equations).

Example : f(z) = Z is not analytic.
Indeed, u(x,y) = x and v(x,y) = —y. But
ux(x,y) =1 # =1 = vy(x,y).
Hence, the C-R equations are not satisfied. So z is not analytic.
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Cauchy-Riemann Conditions Sufficient Condition

Theorem (Cauchy-Riemann Equations; Corollary 2.5.2)

Let f = u+ iv be a function defined on an open set U. Assume that
@ Ux, Uy, Vx, V, exist and are continuous on U.
Q) uy = vy and u, = —v, on U.

Then f is analytic on U and

! . .
' = ux+ vy = vy — iuy.

Example : We have e = eXcosy + ie*siny.

@ ux(x,y) = e cosy and v, = eXcosy, and so Uy = v,.
— X <1 — X 1 —
@ uy(x,y) = —€ siny and v, = € siny, and so u, = —vy
Hence, e is analytic on C and

1 . . .
(%) = ux + ivx = €Xcosy + ie¥siny = €°.
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Cauchy-Riemann Conditions Examples of Analytic Functions

Consequences :

@D £ Log(z) =1, for z € C\(—o0,0].
429 = az®” 1 forl z € (C\( 00, 0]. [Reason : z& = e*lo8z ]
(‘]z sin(z) = cos(z) and cos( ) = —sin(2).

= d sinh(z) = cosh(z) and £ cosh( ) = sinh(z).

Proof of (2).

We have z = elo8~

. Therefore
1
(z)' = (e'°8%) = 1 = 8% (Log z)' = ologz (Logz)".

Hence (Logz) = 1. O

1. Also, o # 0.
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Regions and Consequences Regions

A region is a set 2 C C such that

@ Qis open.
(@ Any two points z, w € Q can be connected by a polygonal curve

within the set Q.

(a) Connected Set ) Disconnected Set

Figure — Examples of connected and disconnected sets
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Regions and Consequences Properties

Theorem

If £ is analytic on a region Q and f'(z) = 0 for every z € Q, then there is a
¢ € C such that f(z) = c for any z € Q.

Proof.

@D Fix w € Q and let z € Q with z # w. Let C be a polygonal curve
joining w to z in €.

(2 Recall that /(z) = uy + ivy = vy — iy = Uy = Uy, = vy = Vv, = 0.
(3 Therefore, Vu=20and Vv =0.

(@) From the Fundamental Theorem for line integrals, we get
u(z) — u(w) = / Vu-di=0 =  u(z) = u(w).
C

Similarly, v(z) = v(w).
(® Hence f(z) = u(w) + iv(w) = f(w), a constant. O
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Regions and Consequences Properties

WARNING !

In the last result, Q must be a region (open and connected).

Figure — Definition of an analytic function f on By U B

The function f satisfies :
@ f(z)=00n Q=B UBy;
(2 But f is not constant on Q.
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