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Analytic Functions and Path Integrals

Theorem (Theorem 3.3.4)

Let f be a continuous complex-valued function on a region . Assume
there is an analytic function F on  such that f(z) = F'(z), Vz € Q.
Then Vz1, 2z, € Q and any path v C Q joining z; to z», the integral

/ f(z)dz = F(z) — F(z).
¥

Proof. Recall that 4(F(z(t))) = F'(z(t))Z'(t).

Let z : [a, b] — C be a parametrization of v with z(a) = z; and z(b) = z.
Then

b b
/ f(z) dz = / F(2(£)2'(t) dt = / 9 (F(2(t))) dt
= F(z(b)) — F(z(a))

hence the result. O
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Example. Consider

/ 3(z—1)%dz
[z1,22,23]

where z1 =1,z =i, and z3 =1+ /.

Consider Q = C and F(z) = (z — 1)3. Then F is analytic on Q and
F'(z) =3(z - 1)

The path [z1, 22, z3] = [z1, 2] U [22, z3] C Q. Hence by Theorem 3.3.4

/ 3(2—1)2dz:/ 3(z—1)2dz+/ 3(z—1)%dz
[21,22,23]

[21,22] [22,23]
= F(z) — F(z1) + F(z3) — F()
= F(z3) — F(z1)
=(1+i-12-(1-1)°
=—1.
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Example. Consider _
i
—d
Az—2—2iL

where y(t) = e, 0 < t < 7.

Possible antiderivative : F(z) = i Log(z — 2 — 2i). This is analytic on
C\{a+2+2i: a<0}.

Let Q:=C\{a+2+i:a<0}. Then C;(0) C Q. Let y(t) = e
(0<t<m)sothat zz=v(0)=1and z =7(n) = —1.

By Theorem 3.3.4,

/ L dz=ilog(z —2—2i)—ilog(z — 2 — 2i)
Gz =21

= iLog(—3 —2i) — iLog(—1—2/)
~ 0.5191 — /0.2075
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Example. Consider
/ 1
n dz
Cl(o)

Possible antiderivative : F(z) = W It is analytic on Q = C\{0}.
Notice that this is a region and contains C;(0).

where n # 1.

By Theorem 3.3.4,

1 -1 1
—dz=F(zn)—- F(z1) = — + m
/Cl(O) z" (z2) = Fz) (n=1)z""  (n-1)z"

However, C;1(0) is a closed curve, so z; = z. Hence

/ Ly
c(0) 2"
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