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An important computation

Lemma
Let v be a positively oriented Jordan curve and let zg & . Then

/ 1 { 0 zeQt

dz = . _
v Z— 20 2w z9 € Q2
Proof. Assume zg € QF. Then f(z) = (z — z) ™! is analytic on Q= U~
and by Cauchy’'s Theorem

1
/ dz = 0.
o Z— 2

e Consider B,(z)) C Q™ and let C := C,(z)
be its boundary.

Assume zp € Q7.

o Let [z1,...,2] and [z3,..., 2] be two dif-
ferent polygonal curves with starting point
on C and terminal point on 7.
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An important computation

Let f(z) = (z — z0)~*. By Cauchy's Theorem, we get

1 1
/ dz=0 and / dz = 0.
rnZ—2 r,Z =20

Therefore,
/ f(z) dz—l—/ f(z)dz =0.
(51 I
But
/ f(z)dz_/ f(z)dz+/ f(z)dz—/ f(z)dz+/ f(z)dz
M o1 [z2,...,21] G [23,...,24]
and

/ ()oz = /7 ()det /[] flayde— [ (z)dzt /[] () dz
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An important computation

Adding up :

/71f(Z)dz—i-[mf(z)dz—/qf(z)dz_/czf(z)dzzo

and so

/ f(z)dz — / f(z)dz =0.

ol C
This implies
2w
/ L dz:/ L dz:i/ dt = 27i.
~ Z—2 cZ— 2 0

This ends the proof. O
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Cauchy's Integral Formula Statement and Proof

Theorem

Assume that
(D f is an analytic function on a region U.
(@ ~ is a Jordan curve such that Q- U~y C U.

Then, for any w € Q7, we have

Proof. There is a disk Bg(w) C Q~ and for any 0 < r < R, we have

/ f(2) dz = / 7f(z) dz.
~ zZ— W C,(W) zZ— W

Goal : To show the right-hand side is 27if (w) if r — 0%,
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Cauchy's Integral Formula Statement and Proof
We have

(@) i [ F@ W)
/,(W) dz — 2rif (w) /C d

zZ— W

;7’ (f(w + ret) — f(w)

reit

) irelt dt

= f(w + re't) — f(w) dt.
0
Therefore,

2 .
g/ F(w + re'®) — f(w)] dt.
0

zZ— W

/ fz) dz — 2mif (w)
Cr(w)

Because f is continuous, f(w + ret) — f(w) — 0 as r — 0. Hence,

lim f2) gy ort(w).

r—0t Cr(w) zZ— W
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Cauchy's Integral Formula Example

Example. Consider the integral

/ 22+3z-1
—— dz.
) (2+3)(2-2)
Notice that —3 is outside of the circle (1) and hence the function

2
-1
f(z) = z°+3z
z+4+3
is analytic in the interior of and on the circle Co(1).
Using Cauchy's Integral Formula,

z243z—1

2 -1 H
/ z A3zl dz = / —ZB_ dz = 27if(2) = 187”.
Gy (Z2+3)(z-2) C(1) Z—2 5
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Generalized Cauchy’s Integral Formula Differentiation under the integral sign

Differentiation under the integral sign.

(1) v be a Jordan curve with positively orientation and U be a region.
@ ¢ : U x v — C be function.
(3 For any fixed w, ¢(w, z) is continuous in z € 7.
@ For any z, ¢(w, z) is analytic in w € U.
(®) Complex derivative diwgb(w, z) is continuous in z € 7.
Then, the function

g(w) = / 6w, 2) dz

is analytic in U and its derivative is

g'(w) = / & (w,2) e
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Generalized Cauchy's Integral Formula Statement

Theorem
(@ f is analytic on a region U.
(2 v is a Jordan curve such that Q- U~y C U.

Then f has derivatives of any order n at all points w in the interior of ~,
all £(M are analytic in U, and

! f(2)
£(n) - n/d )
(w) 2ri ), (z — w)ntl i
Proof. For n = 0, this is the Cauchy's Integral Formula :

f(w) = ! / f(z) dz.
g

27 Z—Ww

Notice that ¢(w,z) = 2%”:(_22/ is
e continuous in z € 4.
e analyticin w € Q.
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Generalized Cauchy's Integral Formula Statement

Also

is continuous on 7.

Therefore, differentiating under the integral (DUI), we get

d 1 f(2)
Flw)= [ = dz=— [ 2 g
(w) [de(b(w’z) i ZWIL(Z— w)? z
Notice that f’ is analytic (apply the first part of DUI).

Reapply differentiating under the integral on the function

° gf)(w,z):i& =  f(w)= 2 /f(z)dz.

27i (z — w)? " omi ),

. Sw.2)= 2 fl2) f(3)(w):3!_/ flz2)
v

27i (z — w)3
To complete the proof, use induction. O
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