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Main Result [EGLITITHS

Open and closed Annular Regions
Let 0< Ry < R < o0 and 7 € C.

(1) The open annular region is the set
ARth(ZO) = {Z :
(2 The closed annular region is the set

ZRl,F\’z(ZO) = {Z :

R < |Z—Zo‘ < Rz}.

Rl S |Z—Zo‘ S Rz}.

(a) Open Annular Region

P.-O. Parisé (UHM)

M444 — Complex Analysis

(b) Closed Annular Region
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(\VEIWSCETI A Statement of the Result

Theorem 4.4.1

Suppose that f is analytic on the annular region Ag, g,(z0) with
0 < Ry < R < o0. Then f has a unique Laurent series representation:

[e.e] o0
:Z(:)an(z_zon+zl Z_ZO ) R1<|Z_ZO‘<R2
n= n=

where
(D the series converges absolutely Vz € Ag, g,(zo).

(2 the series converges uniformly on every ﬁphm(zo) for
Ri < p1 < p2 < R».
(3 the Laurent coefficients a,, n € Z, are given by the following

formula: ) ;
o L / W)
270 J a(z) (W — zp)"t1

where Ry < R < R».
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Let Ry < p1 < p2 < Ry and a z € C such that p; < |z — z| < pa2. We will
show that the Laurent series converges absolutely and uniformly on
Api.p(20) using the M-test.

Let r1, r» be chosen so that R < < p1 < p2 < r < Rs.

Let p > 0 such that B,(z) C A, p,(20)-

The function w — % is analytic on the region A, ,(20)\B,(z). Then,

according to Cauchy’s Formula, we get

1 f(w) dw — 1 f(w) dw + 1 f(w)

% Cr2(20) w—Zz - % Cp(z) w—2Z % Crl(Zo) w—Zz

dw.
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Because f is analytic on B,(z), the path integral on C,(z) is equal to

f(z), so that

i, f(w) dw = f(z)—l—i, f(w) dw
2mi Crplzo) W — 2 2mi Colz) W — 2
so that
f(z) = i flw) dw — i flw) dw.
27i Coplzo) W — 2 27i Colzo) W — 2
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Notice that for w € C,,(20) and p1 < |z — zg] < pa, we have

|Z—Zo|_ <1
lw — z o
and
1 1 _ i (z—2z0)"
w—z w-—z—(z—2) 1 —vzvzz% w — z9)" 1

The series converges uniformly for w € C,,(zo) by the M-test because

2= 2" l(&)n

lw—2zp|"1 ~ n\n

Therefore, we get

o Joy s =2 (ot | Gt e

Cop(z0) W n=0
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Notice also that, for w € C,,(z) and p1 < |z — zy| < p2, we have

lw — z|

_*<1
lz—20| ~ p1
and
1
1 _ 1 _ Tz :_i (w — z)"
w—z w-—20—(z— z) 17‘2’_;22(? n_O(Z_ZO)n+1.

Again, the series converges uniformly for w € C,,(z) by the M-test:

|lw — z|" < 1(r1>n
|z = z[™ T n\p/

Therefore, we get

1 f(w) B /1 f(w) pe1
% Crl(zo) v dW - Z (% /(;rl(ZO) (W - Zo)fn)(z ZO) .

n=0
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Therefore, for p1 < |z — z| < pa, we get

f(z):i(;ﬁ/ f(iW)n_H)(Z_ZO)n

=0 Cr,(20) (W - Zo)

e

(=) (W —20)7"

Now, we may choose R; < R < R, and using Cauchy’s Theorem, we get

Cy(z0) (W — 20) Cr(z) (W — 20)

and

a_m:—/ f(W)_m_Hdw—/ %dw (m>1).
C,y(20) (W — 20) Cr(z0) (W — 20)
O
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I L
Consequences: If f is analytic on Bg,(zp), then

f(z) = Z an(z — z9)"
n=0

where
(D the series converges absolutely for any z € Bg,(z).
(2) the series converges uniformly on B,,(z) for any p» < R».

@ the coefficient a,, for n > 0, can be written as

1 f(w F(1) (2
L1 )y, ()
2701 ) cq(z0) (w — zp)t n!
where 0 < R < Ry.
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Taylor Series Fundamental Examples

Exponential Function. Recall that
> z"
E — e C.
n!
n=0

(1) We have |z | < R for any |z| < R.

nl

(2 By Weierstrass M-test, the series converges uniformly on any closed

disk.

(3 We define the radius of convergence of the power series as the
largest radius R on which the power series converges. In the case

above, R = 0.
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Taylor Series Fundamental Examples

Geometric Series as a Function. Recall that

1 oo
T3~ Zz", z € B1(0).
n=0

(D We have |z|" < R", for any |z| < R < 1,

(2) By Weierstrass M-test, the series converges uniformly on any closed
disk.

@ In the case above, R = 1.
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Taylor Series Fundamental Examples

Logarithmic Function. Recall that uniformly in z € Bg(0)

1 > 1 >
= = —dw = / w dw
11—~z g [Oz]]-_W [Oz]
0 zn+1
= —Log(l—-2)=
og(1 = 2) Zn—l—l
n=0
Hence,
o0 n
Log(1 — z) Z (Iz| < 1).
n=0

(D We have |f7|j: < R" forany |z]| <R < 1.

(2 By Weierstrass M-test, the series converges uniformly on any closed
disk.

@ In the case above, R = 1.
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Examples

Example. Consider
3
flz)= —o
(2) 1+2)2-2)
and zp = 0.

(D The function is analytic on C\{—1,2}. So there are three regions to
analyze: By(0), A12(0), and Az (0).

(2) We will use partial fraction decomposition:

1 1

f = .
(2) 1+z+2—z
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In the unit disk. We have

11 Sy

1+z 1—(-2) prd

and

5= (1)

n=0

—
I

I\J\l—l
M8
: N

N
|
N
l\)\
I\)\N
5
Il
=

Therefore

f(z) = i ((—1)" + 2n1+1>z”.

n=0
This is actually a power series centered at zg = 0. We have
) an:(—l)”—l—ﬁfornzo.
e a,=0for n<O.
Section 4.4
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In the second annular region. Since |z| > 1, we now have

1%1—2 - i(l—(l—l/z)) :Z:(:)<(z_"i)1>

Since |z| < 2, we have

n

=2 ()

n=0

Therefore,

f(z) - i ()3 (B,

This is the Laurent series representation of f in A;2(0). We have
. a,,zz,,%fornZO.
e a,=(—1)"for n < 0.
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In the third annular region. Since |z| > 2, we have

and

Therefore,

= => (5

n=0 n=0
= 1
f(z) =)D ((-1)" - ") nr
n=0

This is the Laurent series representation of f in Az (0). We have

a, =0 for any n > 0.
an=(—=1)""—=27""for any n < 0.

P.-O. Parisé (UHM)

M444 — Complex Analysis Section 4.4

16 /16



	Main Result
	Annulus
	Statement of the Result
	Proof

	Taylor Series
	Fundamental Examples

	Examples
	In the Unit Disk
	In the Second Annular Region
	In the Third Annular Region


