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Section 5.1: Cauchy’s Residue Theorem
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Residue Definition

Let f be analytic in A0,R(z0). Then

f (z) =
∞∑

n=−∞
an(z − z0)

n, 0 < |z − z0| < R.

If Cr (z0) be a circle with 0 < r < R. From the uniform convergence of the
Laurent series of f :∫

Cr (z0)
f (z) dz =

∞∑
n=−∞

an

∫
Cr (z0)

(z − z0)
n dz = a−1

∫
Cr (z0)

1

z − z0
dz .

Hence

a−1 =
1

2πi

∫
Cr (z0)

f (z) dz .

Definition 5.1.1 (Residue)

The coefficient a−1 is called the residue of f at z0.

Notation: a−1 = Res(f , z0) or simply a−1 = Res(z0).
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Residue Cauchy’s Residue Theorem

Theorem 5.1.2 (Cauchy’s Residue Theorem)

1 C is a simple closed positively oriented path.

2 f is analytic on the inside and on C , except at finitely many points
z1, z2, . . . , zn ∈ Ω− (the interior of C ).

Then ∫
C
f (z) dz = 2πi

n∑
j=1

Res(f , zj).

Proof.
• Let Cr (zj) be small circles.

• Using Cauchy’s Theorem, we get that∫
C
f (z) dz =

n∑
j=1

∫
Cr (zj )

f (z) dz

= 2πi
n∑

j=1

Res(f , zj). □
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Examples Simple Poles

Example. Find ∫
C3/2(1)

1

z4 − 1
dz .

The function f (z) = 1
z4−1

has singularities at ±1 and ±i .

Notice that −1 is not in the interior of C3/2(1). Therefore, by Cauchy’s
Residue Theorem,∫

C3/2(1)

1

z4 − 1
dz = 2πi(Res(f , 1) + Res(f , i) + Res(f ,−i)).
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Examples Simple Poles

1 z0 = 1 is a pole of order m = 1. Therefore, we can write

f (z) =
a−1

z − 1
+ a0 + a1(z − 1) + · · · = a−1

z − z0
+ h(z)

where h is analytic at 1. Therefore

(z − 1)f (z) = a−1 + (z − 1)h(z) ⇒ Res(f , 1) = lim
z→1

(z − 1)f (z).

Replacing the expression of f , we get

Res(f , 1) = lim
z→1

z − 1

z4 − 1
= lim

z→1

1

(z3 + z2 + z + 1)
=

1

4
.

Proposition 5.1.3 (i)

If f is an analytic function with a pole of order m = 1 at z0, then

Res(f , z0) = lim
z→z0

(z − z0)f (z).

P.-O. Parisé (UHM) M444 – Complex Analysis Section 5.1 5 / 7



Examples Simple Poles

2 z0 = i is also a pole of order m = 1. So,

Res(f , i) = lim
z→i

z − i

z4 − 1
= lim

z→i

1

4z3
=

i

4
.

3 z0 = −i is also a pole of order m = 1. So,

Res(f ,−i) = lim
z→−i

z + i

z4 − 1
= lim

z→−i

1

4z3
= − i

4
.

4 Collecting everything together, we get∫
C3/2(1)

1

z4 − 1
dz = 2πi

(1
4
+

i

4
− i

4

)
=

πi

2
.
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Examples Higher order poles

Theorem 5.1.6 (Pole of Higher Order)

Assume that z0 is a pole of order m ≥ 1 of f . Then,

Res(f , z0) = lim
z→z0

1

(m − 1)!

dm−1

dzm−1

(
(z − z0)

mf (z)
)
.

Example. Find residue at the pole of f (z) =
(
z−1
z+3i

)2
.

Notice that z = −3i is a pole of order m = 2. Therefore,

Res(f ,−3i) = lim
z→−3i

d2−1

dz2−1

(
(z + 3i)2

(z − 1)2

(z + 3i)2

)
= lim

z→−3i

d

dz
(z − 1)2 = lim

z→−3i
2(z − 1)

= 2(−3i − 1) = −6i − 2.

P.-O. Parisé (UHM) M444 – Complex Analysis Section 5.1 7 / 7


	Residue
	Definition
	Cauchy's Residue Theorem

	Examples
	Simple Poles
	Higher order poles


