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Ideas of the Method Residue of cotangent

Lemma
Let f be analytic at some integer k. Then

Res(f(z) cot(nwz), k) = —=.

Proof. Notice that cot(7z) has singularities at every integers, in particular
at z = k. It is a simple pole because:

(2 — k) cotlnz) — lim (z — k) cos(nz) _ cos(mk) _ 1
zll—>k( k) cot(r2) z|—>k sin(7z) %(Sin(ﬂ-z))’z:k T
Hence
Res(f(2) cot(z), k) = lim (z - k)w
o . (z—=k)cos(mz)  f(k)
N zlﬂqk f(z) zlink sin(7z) RN s
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Ideas of the Method Example

Example. For any a € R\{0}, evaluate

i 1 N 1
E ——— = |im g —_
2 2 2 2
P ks + a N—o00 Ny ks 4+ a

First, notice that f(z) = >
e is analytic at every integer k.
e has simple poles at w; = —ia and wy = Jja.

o f(k)= %Jr# = 7 Res(f(z) cot(nz), k).
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Ideas of the Method Example

Consider the following path 'y, for N > 1 an integer.

1 1 1 1
(*N*?AN‘F?) (N+?N+?)

X ia

| —
=

X —ia

-N- 1) N+ 1 -N-1
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Ideas of the Method Example

By Cauchy's Residue Theorem:

/ (2) cot(mz) dz = 2mi( Res(f(z) cot(rz), —ia) + Res(f(z) cot(nz) la))

My

—|—27TI< Z Res(f(z) cot(mz), k))

k=—N
We have
@ Res(f(z) cot(7rz), —ia) _ _cot(;iaiﬂ'a) _ cot2(’l;ra) lcotzt;gwa) _ cotggﬂ'a).
@ Res(f(z) cot(nz),ia) = COtZ(;:a) = Cmg(a”).
1

3 Res(f ( ) cot(mz), k) = %m

Hence

27 coth (ra)
f(z)cot(mz) dz = + 2/
/rN (2) cotln2) kz_:Nk2+a2
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Ideas of the Method Example

It would be nice if

lim / f(z) cot(nz) dz = 0.

N—oo My
In fact, we can show that
zely = |cot(mz)| <2

Also, for z € [y

@) = i < o <
Z)| = .
2+ S PP S (N3 P

Therefore

42N - 1)(2)
‘ /rN f(z)cot(mz) dz| < U(I'y) mpax |f(2) cot(nz)| < (N —1/2)2 —a]?
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Ideas of the Method Example

Hence, from the last slide:

. 8(2N — 1)
jim | t(rz)dz| < | -
A / Jeot(mz)dz| < fim o= o = ©
and
lim f(z)cot(nz) dz = 0.
N—oo My
Now, we obtain
. N
. 27i coth(ma) . 1
i /r ) cot(ne) de = === 420 fim D 15
7 coth(ma) > 1
= 0—73 + —Zook2+a2

Hence

i 1 mcoth(ma)
k2422 a
k=—0c0
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Ideas of the Method General Formula

Proposition 5.6.2
Suppose that

@D f(z) = % is a rational function with deg g > 2 + deg p.

(2 f has no poles at the integers.

() f has poles at zi, 2o, ..., zp.
Then
oo n
> f(k)=-m> Res(f(z)cot(nz), z).
k=—o00 j=1
P.-O. Parisé (UHM) M444 — Complex Analysis Section 5.6 8/12



Special Case: Pole at Zero Example

o0
1
How do we obtain the value of Z p"
k=1

We start from
x o o
1 1 1 1
Z K2+ 22 Z k2+32+;2+2k2+32
k=—oc0 k=—1 k=1
which implies that

7rcoth (ma) 1 > 1
Z k2—|—82 32+ ;k2+32

Hence

+a2 2a2

Z 1 ar coth(wa) — 1
K2

k=1
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Special Case: Pole at Zero Example

Let —1 < a< 1. Then

o0

= 1
Z k2 + a2 = Z k
k=1 k=1

By the Weierstrass M-test, g(a) = > oo, %Jraz converges uniformly on

(—a, a) and therefore

= 1 1
l —— =) =
LBy Dye

Therefore,

1_7r2

i 1 ar coth(wa) —
K2

a—+0 232
k=1

Question: Can you evaluate Y 7 ; %?
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Special Case: Pole at Zero General Formula

Proposition (see Exercise 13)

Assume that

@ f= B is a rational function with degp +2 < degq.
(@ f has no pole at the non-zero integers.

(3 f has poles at z1, zo, ..., z, (might be at 0).

Then

(o.9] (o] n
Z f(—k)+ Z f(k)=—m Z Res(f(z) cot(7z), z;).
k=1 k=1 j=1
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Special Case: Pole at Zero Another Formula

Proposition (see Exercise 18)

Assume that

@ f= B is a rational function with deg p +2 < degq.
(2 f has no pole at the non-zero integers.

(3 f has poles at z1, zo, ..., z, (might be at 0).

Then

S (DRF(=k) + ) (-D)FF(k) = —WZRes (2) cse(nz), 2)).
k=1

k=1 j=1

P.-O. Parisé (UHM) M444 — Complex Analysis Section 5.6

12/12



	Ideas of the Method
	Residue of cotangent
	Example
	General Formula

	Special Case: Pole at Zero
	Example
	General Formula
	Another Formula


