MATH-444 Pierre-O. Parisé
Section 5.6 Solutions Spring 2024

Problems: 1, 2, 5, 7.

Problem 1

From the formula

i 1 mcoth(am)
Fa k2 +a2? a

with a = 3, we get

i 1 mcoth(3m)
= k9 N 3 '

Problem 2

Let f(2) = m Then the poles of f are at —i and ¢ only. There are of order 2. Hence, we get
f: L —m Res(f(z) cot(mz), —i) — m Res(f(2) cot(mz), 7).
= (ka + 1)2 ) )

Since —i is a pole of order 2, we have

Res(/() cot(n2), ~i) = Iim 0 ((: + >%)

. d cot(mz)
- zlil?z%((z - z)2>
i T csc?(mz)(z — )% — 2(z — i) cot(mz)
Z——i (z—1d)4
i T csc?(mz)(z — i) — 2 cot(mz)
z——i (z — i)3
_ - csc?(—mi)(—2i) — 2 cot(—mi)
-8
~ mesch?(m)(24) + 2i coth(n)
—81
. csch?(7) + coth(r)
4

Similarly, we have

7 esch?() + coth()
1 :

Res(f(z) cot(mz),i) = —
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Hence
i 1 B ( mesch?(m) + coth(m)  mesch?(m) + coth(w))
kT 4 1
_ m2esch?() N 7 coth(7)
N 2 2
Problem 5
We have f(z) = ;- has poles at 5 and —%. There are simple poles.

From the formula in the lecture notes, we get

o0

Z 4k21— -7 Res <f(2) cot(rz), %) — 7 Res (f(z) cot(mz), —%)

k=—o00

We have

Res (f(z) cot(mz), %) = Zgrlr}g (z - %) 0= i(/)tz(;zl 179) = cot(n/2) = 0.

Similarly, we get

1 cot(mz)

1
t(rz), —=) = i ( -J — cot(—m/2) = 0.
Res (f (2) cot(2) 2) RPN S b s vy o o R )
Hence,
— 1
Z AR — 1 0
k=—o0
Notice that
- 1 = 1
=—-142
> I gE
k=—00 k=1
and therefore
SR
42 -1 2
k=1
Neat hey!
Problem 7
Let f(z) = m. Then f(z) has poles at z = 1/2 and z = —1/2 of order 2.
From the formula in the lecture notes, we get
- 1
Y ——— = —7mRes(f(2) cot(r2), 1/2) — 7 Res(f(2) cot(rz), —1/2).
= (4k% —1)2
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We can compute that

o d (z — 1/2)%cot(mz)
Res(f(2) cot(mz),1/2) = lim, %(16(2 —1/2)%(z + 1/2)2)

~ lim d <16(:ot(7rz) >

=1/2 dz \16(z + 1/2)?
— i T csc?(m2)(z + 1/2)% — 2(z + 1/2) cot(72)
z—1/2 16(z +1/2)4
T csc(mz)(z + 1/2) — 2 cot(nz)
2—1/2 16(z + 1/2)3
_ —mesc?(m/2)(1) — 2 cot(m/2)
B 16(1)*
™
ST
After similar calculations, we get
Res(f(z) cot(mz),—1/2) = _116'
Hence, we get
= 1 B m T\ 72
k;oo(zm?—w T (‘Ta‘ﬁ) )



