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ABSTRACT. We classify and count the real-algebra involutions of the multicomplex
algebra MC(n) that map each element of its canonical monomial basis to a signed
monomial, using a matrix model over F.

An elliptic-admissible pair consists of such an involution ¢ and a monomial unit
i € I(n) satisfying i = —1 and o(i) = —i. The fixed algebra of o is a real form
for the complex structure £; defined by multiplication by i, and the pair yields a
Cauchy—Riemann system. We prove that its solution class depends only on i, not on
o, and is exactly the class of mappings holomorphic with respect to £;. Multicomplex
holomorphy is recovered as the intersection of the classes associated with the ele-
mentary generators. We obtain the analogous characterization for anti-holomorphic
classes, describe twisted systems intertwining two such complex structures, and prove
that every i-holomorphic or i-anti-holomorphic mapping is componentwise harmonic
(solutions to Laplace’s equation).

1. INTRODUCTION

In the classical theory of complex-valued functions, a function f : Q@ € C —» C
that is holomorphic can be characterized through a system of equations called the
Cauchy—-Riemann equations. These equations can be described using the Wirtinger

[33] operators
1,0 .0 1,0 .0
0, = 2(8:5 - Z&y) and 0z := 2(896 +Z8y>’
where z := x4y, with x,y € R and > = —1, and Z := x — iy denotes the complex con-
jugate of z. A continuously differentiable function f : 2 C C — C is then holomorphic
if and only if 05 f = 0.

Several approaches generalize holomorphic-function theory through systems of par-
tial differential equations. One such approach uses Clifford and complexified Clifford
algebras. In this setting, the analogue of 05 is a Dirac operator: a linear combination
of the partial derivatives associated with the anticommuting generators of the Clifford
algebra, whose null solutions are called monogenic functions. The idea of a Dirac-type
system for space goes back to Moisil and Teodorescu [29], and the function theory of
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a single quaternionic variable to Fueter [16, 17], whose theory of regular functions was
placed on its modern footing by Sudbery [40]. It was then systematically developed
in the setting of Clifford algebras by Delanghe [13], by Brackx, Delanghe and Som-
men [2] and by Delanghe, Sommen and Soucek [14] (see also Gilbert and Murray [20]),
and extended to the complexified Clifford algebras by Ryan [37]. A more recent and
rapidly developing branch replaces the Dirac system by a slice condition, giving the
slice-regular functions of a quaternionic variable introduced by Gentili and Struppa
[19] and the slice-monogenic functions over Clifford algebras of Colombo, Sabadini and
Struppa [9, 10].

Unlike the Clifford approach, in which a single first-order operator governs a non-
commutative, multiplicatively non-closed class, a second approach uses commutative
generators to define a higher-dimensional commutative real algebra and to create a
class of functions as solutions to a system of Cauchy—Riemann equations.

This second direction was pursued for the bicomplex numbers, that is, the set MC(2)
(also denoted by BC) of expressions of the form n = x + yi; + ziz + wiyia, where
r,y,z,w € R, and where the imaginary units i; and iz commute and satisfy i? = i3 =
—1. In [28], the authors introduced three conjugations of the set of bicomplex numbers
(denoted by t, * and ) and defined the four associated Wirtinger-type operators' 9,),
Opt, Op+, and Oy, so that a bicomplex-valued function f : 2 € MC(2) — MC(2) that
is continuously differentiable as a map of real vector spaces is holomorphic if and only
if the following Cauchy-Riemann type equations 0,: f = 0,-f = O5f = 0 are satisfied.
These Wirtinger operators were then generalized to the multicomplex numbers MC(n)
[32], a generalization of the complex numbers and the bicomplex numbers to higher
dimensions, using a distinguished family of conjugations [39].

The unifying algebraic notion behind all the conjugations mentioned above is that
of an involution. Terminology varies in the literature. Throughout this paper, an
involution refers to a real-algebra automorphism whose square is the identity. This
convention is consistent with the usage in [15, 26, 30]. Our first result in Section 3
shows that there are more involutions than the 2™ mainly referred to in the literature
on multicomplex function theory; see [11, 18, 28, 35, 36, 39]. This suggests that there
are more Cauchy—Riemann type equations that can be created from these additional
involutions. Based on these new involutions, we introduce a new framework—a complex
structure on MC(n) associated with an involution and a distinguished unit i € MC(n)
with i2 = —1—to study these systems of Cauchy—Riemann equations and to establish
a connection to the space of holomorphic functions of a multicomplex variable. This
approach is presented in Section 4, and to the best of the authors’ knowledge, the
approach presented here has not been developed in the literature. We hope it will shed
new light on function theory in multicomplex space.

For the rest of the introduction, we let iy, ..., i, be the elementary commuting imag-
inary units of MC(n) and define the set I(n) as the set of numbers that can be written
as i1 -+ i, with a € {0,1}. We also denote by +I(n) the set of all the numbers
of the form =i, for i € I(n). Section 2 gives some preliminaries on the multicomplex
numbers.

IThe precise expression of these operators can be found originally in [35].
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1.1. Summary of the main results. In Section 2, we introduce the concept of holo-
morphic functions for multicomplex-valued functions of a multicomplex variable in
terms of the multicomplex linearity of the real differential. In Proposition 2.3, we
show that this definition of holomorphy is equivalent to the one given in the literature
in terms of the limit of a difference quotient. This fact is well-known in the literature
for bicomplex-valued functions of a bicomplex variable (see [28, Remark 7.3.4]). We
provide a complete proof in the multicomplex setting, without assuming any sort of
regularity.

In Section 3, we introduce the notion of an I(n)-preserving involution of MC(n),
n > 1, that is, an involution f of MC(n) that maps every element of I(n) into +I(n).
We show that the number of I(n)-preserving involutions of the multicomplex numbers
is given by the formula

n k—1 2n . 2]

n—k—1
(1.1) > <H2k—21>( H (2]‘3_23)>2k’
k=[n/2] *Jj=1 j7=0

where an empty product is understood to be equal to 1. This gives an integer sequence
starting with 2, 6, 44, 576, 15392, ..., such that, surprisingly, we could not find a
reference for it in the On-Line Encyclopedia of Integer Sequences (OEIS). We prove
formula (1.1) by translating the counting problem into a counting problem in the world
of matrix theory over the field of two elements F5 and using linear algebra tools there.
The proof reveals that the inner factor [T5{ (2" —27) /(2¥ —27) is the Gaussian binomial
f
sums are ubiquitous in the applied theory of linear algebra over F5. On the one hand,
the subspace lattice of % is the ambient space of the subspace codes used in random
network coding [24]. On the other hand, involutory matrices over fields of characteristic
two are of independent interest in symmetric-key cryptography, where they allow a block
cipher to reuse the same circuitry for encryption and decryption [21].

Furthermore, one might be tempted to consider all involutions of the space of mul-
ticomplex numbers instead, but some of the resulting involutions lose their connection
with, and their significance for, the Cauchy—Riemann equations. To remain consistent
with the defining features of the subset of involutions used in [39], we therefore directed
our efforts toward the characterization of the involutions preserving the elementary
units of the multicomplex numbers. Interestingly, this turns out to be a more difficult
problem than the general one of counting all involutions; the latter is briefly discussed
in Section 3.2 for completeness.

In Section 4, we define the concepts of elliptic-admissible involutions (e-admissible
involutions, for short) and of e-admissible pair (o,i). We say that o is e-admissible if
there exists i € I(n) such that o(i) = —i and that the pair (o,1) is an e-admissible
pair if o is an e-admissible involution, and the unit i satisfies i? = —1 and o (i) = —i
(see Definition 4.1). We then attach a first-order system of Cauchy—Riemann type
equations to every e-admissible pair (o, 1), and identify precisely the class of functions
it defines. Our Theorem 4.5 shows a striking phenomenon : On the one hand, the
involution o serves to define a coordinate system of the complex structure to express
the new Cauchy—Riemann equations; on the other hand, the function theory is solely

coeflicient { }2, so that (1.1) is a weighted sum over the subspace lattice of Fj. Such
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described by the imaginary unit i and therefore the class of functions described by
the Cauchy—Riemann equations is independent of the choice of the involution o. This
phenomenon justifies the introduction of the class of i-holomorphic functions, with
iZ = —1 and i € I(n), and our Theorem 4.7 gives a sharp characterization of the
class of holomorphic functions of a multicomplex variable in terms of the classes of
i-holomorphic functions. We also illustrate the theory completely for bicomplex-valued
functions. We then describe how the framework developed in this paper can be used
to describe families of i-anti-holomorphic functions. Our Proposition 4.11 then shows
how a class of anti-holomorphic functions can be defined, recovering the familiar fact
that a function of one complex variable that is both holomorphic and anti-holomorphic
is constant. We also introduce twisted classes obtained by allowing the differential to
intertwine two different complex structures. Proposition 4.13 shows that every such
class is an automorphic image of an i-holomorphy class.

Finally, we show that the Wirtinger operators defined from the complex structure
can be combined to obtain the Laplacian, justifying the terminology used for elliptic-
admissible involutions. We then show in Corollary 4.15 that any i-holomorphic or
i-anti-holomorphic function is harmonic (solutions to Laplace’s equation).

2. BACKGROUND ON MULTICOMPLEX NUMBERS

In 1892, Segre [38] introduced an algebraic structure that he called n-complex num-
bers with the goal of defining a multiplication operation between vectors of C", for
n > 2.

Interest in the theory of n-complex numbers (nowadays referred to as multicomplex
numbers) and its applications have grown over the past decades. For example, they
are used to introduce generalizations of concepts from real and complex analysis, e.g.,
multicomplex fractional operators [6], multicomplex hyperanalytic functions [42], Lau-
rent series [27], Riemannian and semi-Riemannian geometry [43], and multicomplex
holomorphic functions [39]. We also mention the use of multicomplex numbers to gen-
eralize the Mandelbrot set to higher dimensions [3, 4, 18, 34], in theoretical physics
to generalize the linear and nonlinear Schrodinger equations [36, 41], and in machine
learning to generalize complex-valued neural networks [1].

A modern treatment of these numbers is presented in [32] with a preface describ-
ing the history of the development of associative algebras. We will mainly follow the
presentation given in [4], with slight changes in notation.

2.1. Multicomplex numbers. The definition of the multicomplex numbers is given
recursively. Let M(C(0) be the set of real numbers and let MC(n), n > 1, be the set

(2.1) MC(n) == {n = n + 72in : m1,m2 € MC(n — 1), i3 = -1},

where i, is a formal square root of —1. For example, when n = 1, we obtain the set
MC(1) of complex numbers 1, + 79iy, where i3 = —1. When n = 2, we obtain the set
MC(2) of bicomplex numbers 7, + 72ia, where 1y, 72 are complex numbers, and iz is a
new square root of —1 such that i = —1, and i; # i».

We say that two multicomplex numbers 1 and ( are equal if and only if n; = (; and
N2 = Co. If we let 7o = 0 in the expression of a multicomplex number 7 = 1, +10i,, we see
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that MC(n — 1) € MC(n). The set of multicomplex numbers becomes a commutative
ring if we endow it with the following algebraic operations:

D n+Ci=(m+a)+ (2 + )i
2) ¢ = (MG — m262) + (Ml + 72C1)in.
These last operations must be understood recursively.

Let n = n1 + noin be a multicomplex number. Then 7,17, € MC(n — 1), so there
are multicomplex numbers 711, 712, 721, 722 € MC(n — 2) such that 7, = 711 + M12in_1
and 1o = 7M1 + M22in_1. Replacing the n; and 7, in the expression for 7, we obtain the
representation of 7 € MC(n) in terms of four components in MC(n — 2),

n = (M1 + Main-1) + (M21 + N22in_1)in.

From the definition of the multiplication, we can distribute i, to obtain

1 = N1 + Ni2in—1 + N21in + N22ln_1in.

For example, a bicomplex number n = 1, +1is can be expressed as a linear combination
involving four real coefficients,

1N =M1 + Ni2ir + No1is + Nooiia.

We can continue this process recursively until we reach the set MC(0). At each stage
k (1 <k < n) of the process, we obtain a representation of a multicomplex number in
terms of 2% multicomplex numbers in MC(n — k).

The representation we are interested in is the one in terms of the 2" components in
MC(0). To be more explicit, recall that I(n) is the set of all different possible products
of the elements in the set {1,iy,ia,...,in}. Since multiplication is commutative, the
cardinality of I(n) is 2". The elements in this set can be used as a real basis, the
monomial real basis, to express a multicomplex number in the following way:

(2.2) n= > ni,

iel(n)

where n; € R. This is called the canonical real representation or the real monomial basis
representation. Using this representation and the algebraic operations defined above,
we can view the set M(C(n) as a commutative real algebra.

There is an efficient way to formulate the canonical representation of a multicomplex
number using the vector space F3, where Fy is the field with two elements {0, 1}.
This will be used later in the subsection on multicomplex holomorphy and throughout
Section 3 where the I(n)-preserving involutions are characterized.

For b = (bi,...,b,)" € F3, we introduce the following notation which emphasizes
which generators from the set {i,ia,...,in} are selected to form the elements of the
set I(n):

i =11 i
Multiplying two such monomials and using the relations iZ = —1, 1 < k < n, we obtain
the multiplication rule

(2.3) i = (—1)7 % (G, beFY),
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where @ @ b denotes the sum in F? and a'b = > p_q arby is computed modulo 2 (the
quantity ab represents the number of components in @ and b that are simultaneously
1 and therefore contribute to a sign change in the product). The canonical real repre-
sentation of a multicomplex number 7 can be written as follows:

(2.4) n=3 z;{,
bely
where z; :=n;; € R.

2.2. An idempotent representation for multicomplex numbers. Of particular
importance in the set of multicomplex numbers are the numbers 7 such that n? = 7,
which are called idempotent numbers. We assume for now that n > 2 and we consider
o 1 + in—lin 11— in—lin

d e,:=
i and € 5

An additional property that these numbers have is that eye, = 0. If we multiply a
multicomplex number n = 1; + n0i, by e, and by €, respectively, we obtain

€n:

nen = (M — Mein_1)en and 7€, = (N1 + N2in_1)€n.

Since e, + €, = 1, summing ne, and ne, yields the idempotent representation of a
multicomplex number, namely

n=(m — Min_1)en + (N1 + M2in_1)en.
We see that the numbers multiplying e, and €, are elements of MC(n — 1), which we
call the idempotent components of . We will denote them by 7. and 7g,_, respectively.
The idempotent representation can therefore be rewritten as
(2'5) 1 = Nen€n T 76, €n-

Note that two multicomplex numbers are equal if and only if their idempotent compo-
nents are equal.

The idempotent representation is important because it transforms the multiplication
of multicomplex numbers into a componentwise multiplication. More precisely, if n =
Nen€n + MNe,€n and ¢ = (e, €n + (5,€n, then we have
(26) 77C = nengenen =+ nEnCEr.én-

We now apply the idempotent representation of elements of the set M(C(n — 1) to the
idempotent components of a multicomplex number € M(C(n). Define

1 + in—2in—1 — 11— in—2in—1
1 = ———— and €, 1= —————.
2 2
Then, the idempotent components 7, and 7, of n € M(C(n) can be written as
Nen, = Men_1en€n—1 + 7]é,,,,le,r,énfl

and

nén = 7/]en—lénen*l + nén—lénénf:l?
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where Ne, yens Mon_1ens Nen_ 18> Mon_18a € MC(n —2). Replacing these in the idempotent
representation of n € M(C(n), we obtain a second idempotent representation in terms
of components in MC(n — 2),

N = Nen_1en€n—1€n + nénflenén—len -+ nenflénen—lén + nénflénén—lén‘
More generally, define the following elements for each integer k > 2:
ek = 71 Hhia i and €y = 71 — ikilik.
2 2

We then define a family of sets £(k,n) inductively for n > 2 and 2 < k < n:

1) E(n,n) := {en,€n} for k = n;

2) E(kyn) :=Ek+1,n)exUE(k+1,n)e for 2 < k <n.
Now, for any 2 < k£ < n, an induction argument shows that the cardinality of £(k,n)
is 2"7*+1 Also, by induction, we have that if & € £(k,n), then €2 = €, and if €1, e, €
E(k,n) with €, # €4, then €,e, = 0.

Finally, any multicomplex number € M(C(n) can be rewritten as

n= Z Ne€,

ec€(k,n)
where 7. € MC(k — 1) for all e € £(k,n). The special case when k = 2 will be of
particular importance to us. For this reason, we let &, := £(2,n), and therefore any
n € MC(n) can be written as

(2.7) n= ) nee,

ec&y
where 1. € MC(1) for all € € &,.

These new idempotent representations still have the advantage of simplifying the
operation of multiplication. If

n= Z Ne€ and C: Z Cssv
e€&(k,n) e€€(km)

then the following holds:

1) n = if and only if n. = (. for all e € E(k,n);

2) n+¢= Zeeg(k,n) (775 + CE)E;

3) ng = Zseg(k,n) (UECE)E'
When n = 1, we set & := {1} so that the representation in terms of the set &, is still
valid with coefficients in MIC(1).

2.3. Topological considerations. We end this subsection with some topological con-
cepts. Under the identification MC(1) = C, we write | - | for the modulus on MC(1),
and we equip MC(n) with the norm ||n|| := maxcceg, |7¢]; since all norms on a finite-
dimensional real vector space are equivalent, the limits considered in the next subsection
do not depend on this choice. In particular, h — 0 in MC(n) if and only if he — 0 for
every € € &,.

For a € MC(n) and r > 0, the ball

P(a,r) :=={n eMC(n) : ||n—a||<r}={neMC(n) : n. —ac|<r, € €&}
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is an idempotent polydisc; these sets are open and convex, and they form a basis of
neighborhoods of a. Finally, given F' : U — MC(n), we write F.(n) := m.(F(n)) for
the idempotent component of F, where 7. : MC(n) — MC(1) is the projection on the
idempotent component of g, for e € &,. We then have F, : MC(n) — MC(1) for every
e € &, and we can then write F' =Y. F.e. We also denote by ¢. : MC(1) = MC(n)
the inclusion map z + ze. The maps 7. and ¢, are both linear maps and therefore
real-differentiable, for any € € &,,.

We record in the following lemma the characterization of invertibility in idempotent
coordinates. The result is classical (see [32], and [28, 35] for the bicomplex case), and
we include the short proof for convenience.

Lemma 2.1. A multicomplex number n € M(C(n) is invertible if and only if n. # 0 for
every € € &,, in which case
nh=) e

=

X

Moreover, the group MIC(n)* of invertible elements is open and dense in MC(n).

Proof. Since multiplication is componentwise in the representation (2.7) and since 1 =
>ece, €, we have n¢ = 1 if and only if n.(. = 1 for every € € &,. As MC(1) is a field,
this proves the criterion and the formula for the inverse. The map n+— (n. : € € &,)
is a real-linear bijection from MC(n) onto MC(1)?""", hence a homeomorphism, and
MC(n)* is the preimage of the set of 2" !-tuples with nonzero entries, which is open
and dense in MC(1)2"". O]

The complement of MC(n)*, often called the null cone [11], is the finite union of the
linear subspaces {n: n. = 0}, for € € &,, each of real codimension 2.

2.4. Multicomplex holomorphy. Let U C MC(n) be an open set. Throughout
this section, a function F': U — MC(n) is said to be of class C if it is continuously
differentiable as a map between real vector spaces, and we denote by DF(n) : MC(n) —
MC(n) its (real) differential at the point n € U. We adopt the following differential
formulation of holomorphy.

Definition 2.2. A function F': U — MC(n) of class C* is multicomplex holomorphic
on U if, for every n € U, the differential DF(n) is MC(n)-linear, that is, if there exists
A(n) € MC(n) such that

DF(n)[h] = A(n)h,  h € MC(n).
We denote by Hol(U) the set of multicomplex holomorphic functions on U.

A large part of the literature on bicomplex and multicomplex function theory defines
holomorphy through a difference quotient rather than through the differential: a func-
tion F is said to be derivable at ng if the quotient (F(n) — F(no))(n —no)~' admits a
limit as n — ny with n — 7y invertible (for the multicomplex case, see [32] and, for a
detailed account of the bicomplex case, see [28]). Then F' is a holomorphic function on
an open set U C MC(n) if it is derivable for every n € U.



CAUCHY-RIEMANN EQUATIONS AND INVOLUTIONS 9

In the proposition below, we reconcile the two points of view: on an open set, both
formulations are equivalent to a local separation of variables in the idempotent coordi-
nates. By Lemma 2.1, every punctured ball centered at the origin meets M(C(n)*, so
the limit in condition (ii) below, taken along invertible increments, is meaningful. We
emphasize that no regularity whatsoever is assumed on F' in condition (ii): continuity

of F' is part of the conclusion.

Proposition 2.3. Let U C MC(n) be open and let F': U — MC(n) be a function. The
following statements are equivalent.

(i) F is multicomplex holomorphic on U in the sense of Definition 2.2.
(ii) For every ny € U, the limit

F(no+h) — F(n)

/ L .
heMC(n)*
exists in MC(n), where h ranges over the invertible elements such that no+ h €
U.
(iii) Every point of U admits an idempotent polydisc neighborhood P(a,r) C U on
which
(2'9) F(n) = Z 905(775)57 ne P(avr>7

Eegn

where each . is a holomorphic function of one complex variable on the disc

D.:={zeMC(Q): |z —ac| <r}.
In this case, F' is of class C* on U and, for everyn € U,
(2.10) F'(n) = An) = DF(m)[1] = > ¢.(ne)e

eckn

in the local representation (2.9).
Proof. We prove that (iii) implies (i) and (ii), that (i) implies (iii), and finally that (ii)
implies (iii). The identities in (2.10) are established along the way.

(iii) = (i). Suppose that (2.9) holds on P = P(a,r) C U. For each € € &,, define
e : MC(n) — MC(1) by me(n) :=n. for n = Y.ce, ne€ and e : MC(1) — MC(n) by
te(2) := ze, so that F' = Y .. G. on P, where G¢ := (. 0 pc o .. Each map 7. and
Le is real-linear, and each . is holomorphic, hence of class C*°. Consequently F' is of
class C° on P and therefore on U, since U is covered by such polydiscs. Moreover,

by the chain rule and the complex-linear nature of the differential of a holomorphic
complex-valued function,

DG:(n)[h] = te[Dpe(ne)[me[h]]] = 90/5 (ne)hee,
and therefore
DF(H = X ¢hn)hee = (X wiln)e) b, heMCm),
e€&y e€&y

the second equality is because multiplication is componentwise. Thus DF'(n) is MC(n)-
linear with A(n) = Y.ce, ¢.(ne)e, so F' € Hol(U), and evaluating at h = 1 gives
A(n) = DE(n)[].
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(iii) = (ii). Fix ny € U. Choose the polydisc in (iii) centered at a = 7. Let
h € MC(n)* with ny+ h € P(a,r). By Lemma 2.1, h. # 0 for every € and inversion is
componentwise, so that

F(no+h) — F(no) _ Ye(ae + he) — ve(ac)
K =2 he €

ec&y

As h — 0, each component h. tends to 0 while remaining nonzero, and since ¢, is
complex-differentiable at a., the e-th component of the right-hand side converges to
¢.(ae). componentwise convergence being equivalent to convergence in MC(n), the
limit (2.8) exists and equals Y. ce ¢L(ac)e = F'(n). This proves (ii).

(i) = (iii). Assume that F' is of class C' on U and that DF(n) is multicomplex
linear for any n € U. Let a € U and choose r > 0 with P := P(a,r) C U. Writing
F =3 ce Feeand A =3 ¢ A€, we see that I, = m.oF and A\, = 7. oA. Therefore,
from the chain rule, we obtain

(2.11) DF:(n)[h] = m[DF(n)[h]] = me[An)h] = Ae(n) he,

forn € P, h € MC(n), and € € &,.

Fix e and let €’ # €. If n, ( € P differ only in their €’ components, the segment joining
them lies in P and is of the form ¢ — n+twe', t € [0,1], with w = (¢ — no € MC(1).
By (2.11), the derivative of the C' map t — F.(n + twe’) equals DF.(-)[we'] =
Ae(+) me (we') = 0, since m.(we’) = 0 for € # €. Hence F.(¢) = F.(n) by the mean
value theorem applied to the real components of F.. Since any two points of P with
the same € component differ by finitely many such one-component moves inside P, the
component F. depends only on 7. on P. Therefore there is a function ¢, : D, — MC(1)
with F.(n) = pe(ne) for n € P.

It remains to check that each ¢, is holomorphic on D.. Let z € D, and set n :=
a+(z—a.)e € P. The map 2/ — ¢ (¢) = F; (n + (2 — z)s) is the composition of
a real-affine map with F,, hence is differentiable at z, and by (2.11) its differential is
w — DF_(n)[we] = A\e(n) w, which is M(C(1)-linear. Thus ¢, is complex-differentiable
at every point of D, hence holomorphic on D.. This proves (iii).

(ii) = (iii). This is the only implication requiring some care, since the increments
in (2.8) must avoid the null cone and no regularity of F' is assumed. Let a € U and
choose r > 0 so that P := P(a,r) C U.

We first record the estimate provided by (ii). Let ¢ € P. Applying (2.8) at ¢, there
exists §, > 0, which we may take small enough that ||h| < J, implies ¢ + h € U, such
that for h € MC(n)*, 0 < ||h|| < dg,

(2.12) |[(Flg+h) = F(g)) h = F'(g)| < 1.

For such h, write Q := (F(q¢+ h) — F(q)) h™', so that F'(¢+ h) — F(q) = Q h exactly.
Taking the & component and using |Q:| < ||[F'(q)| + 1, which follows from (2.12), we
deduce

(2.13)

F(q+h) = Felg)| < Cylhel,  Co=IIF'(g)|+1, e€&
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We now show our main goal in two steps: (1) we first show that, on P, each component
F. depends only on 7.; and (2) we then show that each ¢, is holomorphic on D, , which
will complete the proof of the equivalence.

(1) Fix € # €' and let n,( € P differ only in their & component, say ( = n+ we'
with w € MC(1) \ {0}. For ¢t € [0, 1], set ¢; := n+twe' € P, and abbreviate ; := J,,
and C; := C,,. We claim that ¢ — F_(¢) is locally constant on [0, 1], meaning that
there is a neighborhood around any point in [0, 1] on which ¢ — F¢(g;) is constant.

Fix t € [0,1] and let ¢’ € [0,1] with 0 < |t/ — ¢| |w| < ;/2. Let s be a real number
with

0 < s <min(5/4, o, [t —t][w]),
and consider the increment and the auxiliary point
h:=s+{ —t)we, y:=q + h.

The components of h are her = s for €” # €’ and he = s+ (¢ — t) w, and are nonzero
by the choice of s. Hence h € MIC(n)* by Lemma 2.1, and ||h]| < s+ [t/ — ] |w] < .
On the other hand, since gy = ¢; + (' — t) we’, we also have

y=ar s, seMCm)*, |s|=s<d,

the real number s = s - 1 being invertible because all of its components equal s # 0.
Applying (2.13) at the point ¢; with the increment h, whose € component is s because
g # €', and then at the point ¢y with the increment s, we obtain

’Fs(y) - Fe(Qt)| <C;s and |Fe(y) - Fe(Qt/)| < Cys.

Hence |F.(qv) — F:(q)| < (Cy 4+ Cy) s for every sufficiently small s > 0, and therefore
F.(qv) = F:(q;). This holds in the neighborhood I, := (t — p;,t + p) N [0, 1] where
pi := 6;/(2|w|). Hence, t — F.(qy) is constant on I; and this proves what we wanted.
Now, since [0,1] is a connected set and ¢ — F¢(q;) is locally constant, it must be
constant on [0, 1]. Therefore, we obtain F;(¢) = F.(n). As in the proof of (i) = (iii), it
follows that F. depends only on the component 1. and hence F_(n) = ¢.(ne) in P for
some function ¢, : D, — MC(1).

(2) Let z € D, and set n := a+ (¢ —a.)e € P. Let (%,),>1 be any sequence
in D \ {z} with 2z, — 2z, and set h, := 2z, — 2z € MC(1) \ {0} € MC(n). All the
idempotent components of h, equal z, — z # 0, so h, € MC(n)* by Lemma 2.1, while
|\hpll = |2p — 2] — 0 and n + h, € P for p large enough. By (ii) applied at 7, the
quotients (F(n + hy) — F(n)) h,' converge to F'(n). Applying m. and using Step (1),
we obtain

e )

Since the sequence (z,) was arbitrary, ¢. is complex-differentiable at z, with ¢L(z) =
Te (F ! (n)) Thus ¢, is complex-differentiable at every point of the open disk D., hence
holomorphic on D.. This proves (iii).

The identities in (2.10) were obtained along the way. O

Remark. (1) The equivalence is local in an essential way: for n > 2, the MC(n)-
linearity of the differential at a single point does not imply the existence of the limit
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(2.8) at that point. For instance, for n = 2, consider G : MC(2) — MC(2) defined
by G(n) := (s,)? €2. Then G is a polynomial map of the underlying real coordinates
with DG(n)[h] = 2 ns, hs, €2; in particular DG(0) = 0, so that DG(0) is M(C(2)-linear.
Nevertheless, for the invertible increments h; := t3 ey + t €, with t > 0,

(G(h) = G(O)) bt =12t ey =1 " ey,

which is unbounded as ¢ — 0, while along the real increments g; := ¢ the same quotient
equals tes — 0; hence the limit (2.8) does not exist at 0. This is consistent with
Proposition 2.3, since DG(n) fails to be MC(2)-linear at every n with 7s, # 0, so that
condition (i) holds on no neighborhood of 0. The underlying mechanism is metric: for
n > 2, the norm ||A~!|| may be much larger than ||i||~' when h approaches 0 near the
null cone, whereas |h~!| = |h|~! when n = 1. A comment about this phenomenon was
made for bicomplex-valued holomorphic functions in [28].

(2) For the remainder of the paper, all mappings under consideration are assumed to
be of class C*, unless stated otherwise.

From the canonical representation (2.4), we write n = Zl?eJF; Ty i’, where Ty =15 €
R, so that the functions x; form a system of real coordinates on MC(n). Definition 2.2
is then equivalent to a system of equations of Cauchy—Riemann type. We include a
proof of this result for the convenience of the reader. Recall that the symbol @ is used
to denote the sum of vectors in F5.

Proposition 2.4. Let F : U — MC(n) be of class C*. Then F is multicomplex
holomorphic on U if and only if
OF . OF

2.14 SLCEN N
21 Ovge, O

(1§]§n7 bEFg7 bjzo)a

on U. In particular, we have A\ = 0F /0xg on U.

Proof. Observe first that 0F/dxz(n) = DF (n)[ig] and that, when b, = 0, we have
i*®% = §;i’ without any sign correction, by (2.3). If F is multicomplex holomorphic,
then

DE(m**] = A ii" = §; M) 1" = i DF ()i,
which is (2.14). Conversely, assume that (2.14) holds. Fix n € U. Let b € F} with
b # 0 and choose k such that b, = 1. From (2.14), we have

2 (n) = gy (1) = s DF ()1

DF(n)[ix] =
axﬁ@e%
and, by induction on the nonzero entries of the vector b to build the monomial ig, we
obtain

(2.15) DF(n)li’] = 22(77) = ibgfa

(n) = i’ DF(n)[1].

Since DF(n) is real-linear and the monomials i form a real basis of MC(n), it follows
that DF(n)[h] = h DF(n)[1] for every h € MC(n), so F' is multicomplex holomorphic
with A(n) = DF (n)[1] = 0F/0z5(n). O
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For n = 1, the system (2.14) consists of the single equation 0F/0zs = i; OF/0xg,
which is the classical Cauchy—Riemann equation written in complex form, while for
n = 2, from (2.15), it consists of the four bicomplex Cauchy—Riemann equations (see [28,
Theorem 7.3.1]). Observe that the proof of Proposition 2.4 only uses the fact that the
units iy, . . ., i, commute, square to —1, and generate MC(n) as a real algebra: the same
characterization, therefore, holds with respect to any ordered m-tuple of commuting
roots of —1 that generates MC(n) as a real algebra.

3. INVOLUTIONS PRESERVING ELEMENTARY UNITS

We start by giving a precise definition of what we mean by an involution on an
associative real algebra A with multiplicative identity.

Definition 3.1. A function f : A — A is said to be an involution if the following
conditions are satisfied:

(a) f(f(n)) =n for any n € A;
(b) f(n+¢) = f(n) + f(¢) and f(An) = Af(n) for any n,{ € A and \ € R;
(c) f(n€) = f(n)f(¢) for any n,¢ € A.

By definition, an involution is a real-algebra automorphism that is its own inverse.
When f is invertible but is not assumed to satisfy f? = Id, we simply call f a real-
algebra automorphism of A.

When A is the division algebra of quaternions, we know from [15, 26] that there are
infinitely many involutions. If ¢ = a + bi + ¢j + dk is a quaternion with the usual rules

ij=—ji=k, jk=-kj=1i, ki=—ik=j,

and i = j2 = k? = —1, then any nontrivial involution is given by f,(q) = —ugu, where
(= api +boj + cok with a2+ b3+ c2 = 1. For other real algebras, however, the situation
might change drastically.

In a previous note [30], the second author replaced the quaternions by the commuta-
tive ring of bicomplex numbers. From [30, Theorem 1], we know that there are exactly
six involutions of M(C(2). This result contrasts with the similar one obtained for the
quaternions and therefore makes the set of bicomplex numbers akin to the complex
numbers, where the only involutions are z — z and 2z — Z.

We extend the classification from [30] to the multicomplex numbers of order n > 1.
However, as mentioned in the introduction, we restrict our attention to I(n)-preserving
involutions of MC(n), n > 1. Recall that an I(n)-preserving involution is an involution
f of MC(n) that maps every element of I(n) into +I(n). We therefore obtain

Theorem 3.2. The number of I(n)-preserving involutions of MC(n), n > 1, is
n k—1 j n—k—1
2" — 2 k i\ ok
> (Myy)( I e -2))2
k=[n/2] " j=1 =0

where an empty product is understood to be equal to 1.
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3.1. Proof of Theorem 3.2. If f is an involution, then for any multicomplex number
1, we have

fn) = 3 mpf (i)

bery

Since every i’ € I(n)\{1} is a product of the generators iy, ..., i, and f is a real-algebra
automorphism, its values are completely determined by its action on iy, is, ..., iy.

Now, we have f(ix)?> = —1, and since we restrict our attention to involutions pre-
serving I(n), f(ix) must be a signed product of an odd number of imaginary units iy,
iz, ..., in. Therefore, an I(n)-preserving involution f of MIC(n) is determined by the
images of the generators iy, ia, ..., iy as follows:

f(ik) == i1m1,ki2m2,k Tt inmn’k<_1)wka 1 S k S n,

where myj,, wy € {0,1} for each 1 < ¢ <nand 1 <k <n. Furthermore, for 1 <k <n
we have

—1 = f(=1) = f(ip) = f(ix)” = (1) (=172 - (1),
which implies
> myp =1 (mod 2), 1<k <n.
=1

Consequently, the problem reduces to counting the exponent matrices and sign vectors
for which these assignments extend to involutions.

Now, given an n X n matrix M with entries in {0,1} and columns my, ..., n,, and
given a vector @ = (wy,...,w,)" € FY, we denote by firz the map defined on 1 and
the imaginary units iy, ia, ..., in by fa (1) := 1 and

fus(ic) = (=1)“i™,  1<k<n.

The assignment defining fy; s extends uniquely to a unital real-algebra endomorphism
of MIC(n) precisely when the image of each generator squares to —1, equivalently when
every column of M has odd sum, which is the parity requirement above. Once extended,
it is an automorphism if and only if M is invertible over F5. In particular, this is

automatic once M? = I. In all cases, fy; s maps the basis element i to £iMP. We
therefore define a function s : Fy — Fy, called the sign function of fy 5, by the relation
(3.1) fura@) = (10 e Ty

Here Mb is computed modulo 2.

Lemma 3.3 (Sign Lemma). Let M be an n x n matriz with entries in {0, 1} whose
columns My, ..., m, all have odd sum, let W € FY, and set' Y := M — I, understood
modulo 2. Then the following statements hold.

(a) For any b € F2, we have s(b) = b @ + q(b), where

q(b) = kiuk/z | (mod 2)

and ty := YLy my, b € Z.



CAUCHY-RIEMANN EQUATIONS AND INVOLUTIONS 15

(b) The map farz is an involution of MC(n) if and only if,
(3.2) M?*=1 (mod?2) and Y'wW=¢ (mod?2),
where &:= (q(my), ..., q(m,))" depends only on the matriz M.
(c) If M?> = I (mod 2), then the system Y '@ = ¢ (mod 2) is solvable. Conse-

quently, the set of sign vectors W for which farz is an involution of M(C(n) is a
coset of ker(Y'") in F%, and its cardinality is 2%, where k := dimker Y.

Proof. To simplify the notation in the proof, let f = firs.

(a) Let b€ F7. Since f is a real-algebra endomorphism and it = i it we

obtain
N n n b, o T b
P =TT G =TT ((=0™im) " = (=" “ T (i™) .
j=1 j=1 j=1
Since the imaginary units commute, we may collect the powers of each unit iy in the
last product. No relation i2 = —1 is used at this stage, so the exponent of iy is the
integer Z}l:l my;b; = 1y, and hence

£ = (<17 L,

Write tp = 2q, + 7y with ¢ = |t;/2] and my, € {0,1}. From if = —1, we get
i = (i2)%*i ™ = (—1)%i ™ and therefore

f(ig) _ (_1)171{5—1-22:1 ar ﬁ ikﬁzk _ (_1)5715—&-11(5) iME7
k=1
where the last equality holds because my, = ¢, = (Mb), (mod 2), so that (i, ..., 7,)T =
Mb in F%. This completes the proof of (a).
(b) Because f is a unital algebra endomorphism, it is an involution if and only if fo f
fixes the generators iy,...,i,. Using (3.1) twice together with part (a),

FUG)) = (1) F(7) = (1)) 0 (s sl e,

where €}, denotes the k-th standard basis vector of Fy, for 1 < k < n. Therefore
f(f(ix)) = ik for every 1 < k < n if and only if M?¢, = ¢, and wy + M, & = q(miy)
(mod 2) for every 1 < k < n. The first family of conditions is M? = I (mod 2) and,
since subtraction and addition agree in Fy, the second family of conditions is exactly
the affine system (I + M ")w =Y "w = ¢ (mod 2).

(c) Assume that M?* =T (mod 2), put Y = M — I, and set g := f),5. From (a), the
sign function of ¢ is g(b).

We first show that go g = frz Let €, denote the k-th standard basis vector, so that
iy, = i%. Since Méj, = 1y, has entries in {0, 1}, ¢(¢€;) = 0. Therefore

g(g(iw)) = g((=1)7 ™) = g (i) = (= 1)) M = (1),

because My = M?¢, = &, (mod 2) and ¢, = ¢(1m) by the definition of & Thus
gog agrees with f;zon the generators, and since both are real-algebra automorphisms,
goyg=fie
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We can now show that the system Y T = ¢ (mod 2) has a solution. If 7 € kerY,
then Mv = v, and the sign formula gives

Thus (g o g)(i%) = i’. On the other hand,

o T T v
(g09)(i") = frz(i") = (=1)° 1",
Therefore &' = 0 for every @ € ker Y and hence & € (ker Y)1. As the standard bilinear
form on F% is nondegenerate, (ker Y)* = Ran(Y "), so @ € Ran(Y'"). This is precisely
the assertion that the system Y '@ = ¢ (mod 2) is solvable.
Finally, fix a particular solution wy. For any @ € F3,

Y=¢ = Y (- =0 < & — @ €ker(Y"),

so the solution set is the coset @y +ker(Y ). By part (b), under the standing hypothesis
M? = I, these are exactly the sign vectors « for which fy; s is an involution of MC(n).

Hence they form a coset of ker(Y") in FZ. Its cardinality is |ker(Y )| = 2dimkerY™
and since Y and YT share the same rank, and therefore the same nullity, we have
dimkerY" = dimker Y = k. The cardinality is thus 2. 0

With this setup, we are now ready to prove Theorem 3.2.

Proof of Theorem 3.2. Every unital real-algebra endomorphism that maps the canon-
ical monomial basis into signed monomials is encoded by a matrix M over Fy, whose
columns have odd weight, together with a sign vector @ € F5. We write f = fi5. Set
Y .= M — I over Fs.

By Lemma 3.3(b), an encoded map fiz is an involution if and only if every column
of M has odd sum, M? = I (mod 2), and the affine sign condition in (3.2) holds.
We therefore first focus on counting the number of matrices M with entries in {0, 1}
such that M? = I (mod 2) and each of its columns has odd sum, and then finding the
number of associated sign vectors @ satisfying Y T = & (mod 2).

The equation M? = I (mod 2) is equivalent to Y2 = 0 (mod 2), and since every col-
umn of M has odd sum, every column of Y has even sum. The problem of enumerating
the matrices M now becomes the problem of enumerating n x n matrices ¥ such that

1) The entries of Y are equal to 0 or 1;

2) Y2 =0 (mod 2);

3) The sum of each column of Y is =0 (mod 2).
We denote by k the dimension of the kernel of Y, that is, k := dim(ker(Y")). Because
Y2 =0 (mod 2), we have RanY C ker Y. Hence, n — k = rankY < k and so

(3.3) k> n/2.

Observe that the dimension of the kernel of Y is equal to the dimension of the kernel
of Y. It will be easier to work with this transpose.
We use the notation €:= (1,1,...,1)". Condition 3 on the matrix Y is equivalent to

g¢cker(Y").
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For a fixed value of k, the number of ways of choosing ker(Y ") with the restriction that
¢ € ker(Y'") is given by

k—1 on _ 9j

with the convention that B(k,n) = 1 for k = 1. To see this, first note that the number
of ways of choosing an ordered sequence of k linearly independent vectors (with € as
the first vector of the sequence) is given by

(35) [T -2

since when choosing a new vector, one cannot choose any linear combination of pre-
viously chosen vectors. Now, many choices of vector sequences (or basis choices) will
describe the same subspace. Given a basis of linearly independent vectors, the number
of ways of choosing a basis that will span the same subspace (under the condition that
€ is the first vector of the ordered basis) is given by

k—1
(3.6) [T2" —27).

j=1
Equality (3.4) follows from (3.5) and (3.6).

Now, suppose that the kernel ker(Y ") has been chosen. Let k again be the dimension
of the kernel of Y. Let iy, y,...,1u, be a basis of ker(Y"). Let @, v,..., 0
be vectors such that w, s, ... Uk, U1, Vs, ..., Uy is a basis of F. We now count the
possible linear maps YT with this prescribed kernel.

Since Y2 =0 (mod 2), we deduce that (Y 7)?2 =0 (mod 2). This last identity implies
that

(Y5 =0, 1<j<n—Fk,
and thus
Y eker(Y'), 1<j<n-—k
We therefore have

k
T = . —
Y v; = er,ﬂbs,
s=1

where 7, ; € {0,1} and 1 < j < n—k. The number of ways to choose the value of Y '3,
is given by

2" — 1.
This comes from the fact that @ ¢ ker(Y' ") and therefore the ry; cannot all be zero.
One can now choose the values of Y '@, Y T43,...,Y "%, ; under the restriction that

the vectors Y ', must be linearly independent. To see why these vectors must be
linearly independent, suppose that @ is a linear combination of the vectors ¥; such that
YT = 0. This implies @ € ker(Y'"). We thus have exhibited a vector @ that can be
expressed both as a linear combination of the vectors u; and as a linear combination of
the vectors U;. This contradicts the fact that @, s, ... U, U1, Vs, ..., Us_k is a basis of
F7. This linear-independence constraint implies that the number of possible values of
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Y0 is 28 — 2071 for 1 < j < n — k. It follows that the number of possible maps Y "
with the prescribed kernel is

(3.7) D@Jo:nfgak—Wy

Putting everything together, the number of ways of choosing the matrix Y ', and
thus Y, or equivalently the number of ways of choosing the matrix M, is given by
k—1 on _ 2_7 n—k—1

B(k,n)D(k,n) = H oF o H (2F — 29).
j=1 7=0

Finally, to fully specify the involution f = fas s, one has to choose the sign vector .
By Lemma 3.3 (c), for each admissible matrix Y (or equivalently for each admissible
matrix M), the sign vectors @ form a coset of ker(Y'") in F%, namely the solution set
of the affine system Y " = ¢ (mod 2) in (3.2). If the dimension of the kernel of YT is
equal to k, then the number of ways of choosing the components of w is therefore equal
to

(3.8) 2k,

From equations (3.3), (3.4), (3.7), and (3.8), we conclude that the number of I(n)-
preserving involutions is

> D(k,n)Bk,n)2"= Y (kﬂl 2::;) (n_li[_l(Q’f - zj))zk.

[n/2]<k<n [n/2]<k<n * j=1 =0

This completes the proof. O

3.2. Concluding remarks on unrestricted involutions. We restricted attention to
I(n)-preserving involutions because unrestricted involutions may lose their direct con-
nection with the unit monomials and with the Cauchy—Riemann systems studied below.
The unrestricted counting problem is nevertheless simple in idempotent coordinates.

Recall that any multicomplex number 7 can be expressed using the idempotents from
En:

n= > nee, n. € MC(1) =2 C.
ec&y

Multiplication is componentwise in this representation. Hence, as a real algebra,

MC(n) = C>".

It follows that every R-algebra automorphism of MC(n) is obtained by permuting the
2"~! complex components and, independently on each component, applying either the
identity or complex conjugation. Thus,

AutR(MC(n)) g 02 2 S27L*1 g B27L717

where C5 is the cyclic group of order 2, S, the symmetric group on n symbols, and
B,, denotes the group of signed permutations of length n, namely permutations of
{1,2,...,n} written in one-line notation where each entry may have a bar over it (which
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also corresponds to the group of symmetries of a hypercube, the hyperoctahedral group).
It readily follows that there are 22" (2"~1)! real-algebra automorphisms of MC(n), and

) [2"72] ganlogk
(2")! PTGy
g;:) El(2n—1 — 2k)!
involutions of MC(n). The latter is a consequence of known results on signed involutions
or wreath products (see [7] and [8], respectively), or of a simple counting argument.
Indeed, if the underlying permutation has &k transpositions and 2"~ — 2k fixed points,
then there are
(271—1)!
2kE1(2n—1 — 2F)!

ways to choose this permutation. The signs may be chosen in 92"k ways since each
fixed point has an arbitrary sign, and each transposition has two compatible choices of
signs.

Finally, if we change the condition f2(n) = n for any n € MC(n) to the following
condition:

(3.9) ffm)=n  (¥neMC(n))

where r > 2 is an integer, then similar arguments as above lead to the following formula
for the number of automorphisms satisfying (3.9):

1

277,71
2 > ( 11 gcyck(o—)>'

0€Syn—1,  k|r,r/kisodd

In the last formula, the set Syn-1, is the set of permutations o such that ¢” = Id and
cycg (o) is the number of disjoint cycles of length &k in 0. When r > 2 is a prime number,
the formula becomes
, [2mt/r) o(r—1)k
274! .
( ) Z klrk(2n=1 — rk)!

k=0

4. CAUCHY—RIEMANN CLASSES OF MULTICOMPLEX-VALUED FUNCTIONS

Inspired by the theory of complex structures (see, for example, [22]), we associate a
complex structure and a Cauchy-Riemann system with every e-admissible pair. We
compare the resulting classes with multicomplex holomorphy and then study anti-
holomorphic and twisted variants.

4.1. Elliptic-admissible involutions.

Definition 4.1. Let n > 1. An I(n)-preserving involution ¢ : MC(n) — MC(n) is
elliptic-admissible (abbreviated e-admissible) if there exists i € I(n) such that i = —1
and o(i) = —i. In that case, (0,1) is called an e-admissible pair.

The distinguished unit need not be unique. For example, the involution of MC(2)
defined by i; — —i; and iy +— —ip forms e-admissible pairs with both i; and i;. By
contrast, the swap i; — ia, i3 —> i; is not e-admissible.
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Let (0,1) be an e-admissible pair, and let £; denote multiplication by i on MC(n).
Since i2 = —1, we have £? = —Id; hence £; is a complex structure on the underlying real
vector space. With respect to this structure, MC(n) has complex dimension m := 271
and scalar multiplication

(a+bv—1)-n:=an+ bin, a,b e R.

The e-admissibility of (¢,1) means precisely that o is a conjugation for this complex
structure.

Lemma 4.2. Let o be an I(n)-preserving involution of MC(n) and let i € I(n) with
i2 = —1. Then (0,i) is an e-admissible pair if and only if

o(in) = —io(n), n € MC(n),
that is, if and only if o is conjugate-linear with respect to the complex structure L;.

Proof. 1f (0,1) is e-admissible, then o(in) = o(i) o(n) = —io(n) since o is multiplica-
tive. Conversely, taking n = 1 gives o(i) = —i. OJ

The next lemma is the analogue of the decomposition C = R & /—1R determined
by the complex conjugation.

Lemma 4.3. Let (0,i) be an e-admissible pair and let
B, :={n e MC(n) : o(n) = n}
be the fized set of o. Then B, is a real subalgebra of MC(n) of dimension 2", and
MC(n) =B, ®iB,.
In other words, every n € MC(n) can be written uniquely as n = u + iv with u,v € B,.

Proof. Since o is a real-algebra automorphism, its fixed set B, is a real subalgebra
containing 1. Every n € MC(n) decomposes as

n:n+dm+n—dm

2 2 ’
where the first term is fixed by ¢ and the second one is mapped to its negative. It
therefore suffices to show that {n : o(n) = —n} = iB,. If u € B,, then o(iu) =
—io(u) = —iu by Lemma 4.2. Conversely, if 0(¢) = —(, then ( = i(—i¢) and o(—i() =
io(() = —i(, again by Lemma 4.2, so —i¢ € B,. It remains to prove that the sum
is direct. If u 4+ iv = 0 with u,v € B,, applying o gives u — iv = 0, and adding the
two equalities yield u = 0, whence v = —i(iv) = 0. Finally, since £; is invertible,
dimg iB, = dimg B,, and the equality 2 dimg B, = 2" gives the dimension claim. O

4.2. General Cauchy—Riemann equations. The subalgebra B, is thus a real form
of the complex vector space (MIC(n), £;), exactly as R is a real form of C with respect
to the usual conjugation. This suggests the following definition.

Definition 4.4. Let (0,i) be an e-admissible pair, let U C MC(n) be open, and let
F : U — MC(n) be of class C'. We say that F satisfies the (c,i)-Cauchy-Riemann
equations on U if

(4.1) DFmif]=iDFm)[B], neU feb,.
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To justify the terminology, choose a real basis By = 1,031,...,Bn_1 of B,, where
m = 2""1. By Lemma 4.3, every n € MC(n) can be written uniquely as

m—1
n= Z (we + ivg) B, ug, vp € R,
(=0
and the functions (ug, vo, - - -, Um—1, Um—1) form a system of real coordinates on MC(n).

Since 0F/0uy = DF(n)[f,] and OF/0v, = DF(n)[if], condition (4.1) is equivalent to
the system of m equations

oF oF
— =i </{<m-1
vy lau/ Ostsm ’

or, introducing the Wirtinger-type operators

(4.2)

=o,i 1 8 8

8’::( '), 0<i<m—1,
¢ 2 0u€ + lﬁvg =t=m

to the system EZ’iF =0,0 < /¢ <m—1. Moreover, writing F' = P+1i(), where P and @)

take values in B,, and comparing the components in the decomposition of Lemma 4.3,

the system (4.2) takes the classical form

orP  0Q or  0Q

dug  Ov) v Oug

The following theorem identifies exactly the class of functions defined by the (o,1)-
Cauchy—Riemann equations. It also reveals that the class depends only on the unit i,

and not on the involution o. In the following statement, the imaginary number i (not
in bold) refers to the classical imaginary unit of the set of complex numbers C.

0</i<m-—1.

Theorem 4.5. Let (0,i) be an e-admissible pair, let U C MC(n) be open, and let
F :U — MC(n) be of class C'. The following statements are equivalent.
(i) F satisfies the (o0,1)-Cauchy—Riemann equations on U;
(ii) DF(n)o L; = L; o DF(n) for everyn € U;
(iii) for one (equivalently, for every) real basis Py, ..., Bm-1 of By, the function F,
viewed in the complex coordinates zp := uy +ive, 0 < £ < m — 1 where i® = —1,
s a holomorphic mapping of m complex variables.
In particular, the set of solutions of the (o,1)-Cauchy—Riemann equations depends only
on the unit i, and not on the involution o.

Proof. (ii) = (i) is immediate since B, C MC(n).
(i) = (ii). Let h € MC(n) and write h = u + iv with u,v € B,, using Lemma 4.3.
Then ih = iu — v and, using (4.1) twice together with the real-linearity of DF'(n),

DF(n)[ih] = DF(n)liu] = DF(n)[v] =i DF(n)[u] — DF(n)[v],
i DF(n)[h] =i DF(n)[u] + i DF(n)iv] = i DF(n)[u] +i* DF(n)[v].

The two right-hand sides agree because i2 = —1.
(ii) < (iii). Fix a real basis fy, ..., Bm_1 of B, and let ® : MC(n) — C™ be the
real-linear isomorphism sending n = >, (us+1ivy) B¢ to (ug+ivo, - .., Upm—1+iUy_1). By

construction, ® o L; = (i-) o ®, where i - denotes the componentwise multiplication by i
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on C™. The function G := ® o F o ®~! defined on the open set ®(U) C C™, is of class
C! and its differential is DG = ® o DF o ®~! at corresponding points. Condition (ii) is
therefore equivalent to the complex-linearity of the differential of G at every point of
®(U), which is the definition of a holomorphic mapping in m complex variables (see,
e.g., [25, Chapter 1]). This is statement (iii). Since condition (ii) does not refer to the
basis, statement (iii) holds for one basis if and only if it holds for every basis.

The last claim of the theorem is clear, since condition (ii) involves only i. O

In view of Theorem 4.5, for an open set U C MC(n) and a unit i € I(n) with i? = —1,
we denote by Hol;(U) the set of functions of class C! satisfying condition (ii) of the
theorem, and we call its elements i-holomorphic functions. Note that condition (ii)
makes sense for every such unit i, whether or not an involution is specified.

Theorem 4.5 has several immediate consequences. Since holomorphic mappings of
several complex variables are real-analytic, every i-holomorphic function is real-analytic.
Moreover, a computation based on condition (ii) and the Leibniz rule shows that
Hol;(U) is a real algebra containing the constants. Second, and more importantly for
our purposes, the involution o itself does not affect the class of functions obtained: two
e-admissible pairs (01,1) and (09,1) sharing the same unit determine the same class of
i-holomorphic functions, presented in different real coordinate systems. The involution
selects the real form B, of the complex vector space (MC(n), £;), but the underlying
function theory is governed by i alone as a consequence of (ii).

We now compare the classes Hol; (U) with the multicomplex holomorphic functions.

Recall that an odd vector b € F? is characterized by the condition €76 =1 (mod 2).

Proposition 4.6. Let U C MC(n) be a nonempty open set and let i € I(n) with
i2 = —1. Then Hol(U) C Hol;(U), and the inclusion is strict when n > 2.

Proof. If F' € Hol(U) with DF(n)[h] = A(n) h, then, by the commutativity of multipli-
cation,

DF(n)[ih] = A(n)ih =1iA(n) h =i DF(n)[h],
so condition (ii) of Theorem 4.5 holds and F' € Hol;(U).

For the strictness when n > 2, assume first that i = i; and consider the real-linear
function F(n) := x5 + zgi1, for which DF(n) = F for every n. Fix n,h € MC(n).
Comparing the coefficients of 1 and i; in i;h and in h, we find

DF(n)[i1h] = F(i1h) = —xe + x5i1 = i1 F'(h) = i1DF(n)[h],
so F' is ij-holomorphic. However, F(iz) = 0 while ioF(1) = iz # 0, so DF is not
MC(n)-linear and F ¢ Hol(U). For an arbitrary direction i = i*, complete the odd
vector b to a basis & = b, tn, ..., 1, of F? consisting of odd vectors (if jo € supp(l;), the
standard basis vectors €}, j # jo, complete b to such a basis).

The assignment v (i;) := i/, 1 < j < n, extends to a real-algebra endomorphism of
MC(n) by the discussion preceding Lemma 3.3, and 1 is bijective because the matrix

—

T with columns zf_i, ..., t, is invertible over FF.

Since D(¢po Fotp™') =1poDF oyt on (U) and ¢~ ' o L o) = Ly-15) = Ly,
on MC(n), the map F + o F o1~ sends Hol;, (¢»1(U)) onto Hol;(U) and preserves
multicomplex holomorphy in both directions, so the strictness transfers from i; toi. [
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Remarks. (1) One could try to attach a different system of equations to an I(n)-
preserving involution ¢ by using ¢ as a change of generators rather than as a conju-
gation: the units Ji, := o(ix), 1 < k < n, again commute, square to —1, and generate
MC(n), and one may write the analogue of the system (2.14) with respect to them.
However, as observed after Proposition 2.4, the resulting system characterizes multi-
complex holomorphy again, and no new classes of functions arise in this way. This is
why the conjugation viewpoint of Lemma 4.2, which requires the e-admissibility of the
involution, is the appropriate one.

(2) The definition of an e-admissible pair requires i*> = —1. If instead j € I(n), with
n > 2, satisfies j> = 1, j # %1, and o(j) = —j, then the involution is called hyperbolic-
admissible (abbreviated h-admissible). In this context, the proof of Lemma 4.3 may
be adapted and yields the decomposition MC(n) = B, @ jB,, and the analogue of
(4.1) produces first-order systems of hyperbolic type, since L = +Id. See [5] for more
on the subject of hyperbolic Cauchy-Riemann equations and on general commutative
hypercomplex numbers and their connections to the geometry of Minkowski space-time.

The next theorem shows that to describe multicomplex holomorphy, we may use i-
holomorphy for a subclass of imaginary units i, provided their sign vectors b span F5.
Recall that an odd vector b € F% is characterized by the condition €' =1 (mod 2).

Theorem 4.7. Let U C MC(n) be open with U # @ and let S C F} be a subset of odd
vectors. Then the following statements are equivalent.

(i) Hol(U) = () Hol;s(U).

ses

(ii) span S = [F}.
Proof. We first show that (i) implies (ii) by contrapositive. Let span S # F5. Then,
there is a k € {1,2,...,n} such that €, & span S. We will construct a function F' such
that F' € Nges Holis(U), but F' ¢ Hol(U).

Consider {31, S3, ..., 8, } a basis for span S and complete the set {37, 2, ..., 8, €k}
as a basis B for F§. Let H be the spanning set of the element in B\{é.}. Now set
H :=spang {i° : ¢€ H}. Since i = iy, it is easily seen that

iyH = span{i® : ¢ ¢ H}
and that MC(n) = H @ ixH. Define F': U — MC(n) as the projection onto H along
ikH, that is

F(n) = F(u+ixv) := u,
where u,v € H. Then F is real-differentiable with DF'(n) = F, for any n € U. For any
§€ S, it is i*-holomorphic on U. Indeed, for § € S, for n € U, and for h = u + ixv with
u,v € ‘H, we have

i*DF(n)[h] = i°F[h] = i’u = F[i°h] = DF(n)[i°h)].

However, for h = ixv with 0 # v € H, we have DF(n)[h] = Flixv] = 0, but
ix DF(n)[v] = ixv, hence F' is not holomorphic. Condition (i) does not hold.

We now prove (ii) implies (i). Suppose that spanS = F3. From Proposition 4.6,
Hol(U) C Nzes Holis(U). We prove the reverse inclusion. Let F' € Ngeg Holis(U). Fix
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ke {1,2,...,n}. Since &, € span S, we can write €, = §; & S B -+ B &, with m < n.
From the rule (2.3) for multiplying monomials, we immediately see that
Lie, o DF(n) = DF(n) o Lse,.

Since k was arbitrary, the last commuting property is true for every standard basis
vector of 5. Since all the generators commute, one has L; = Eibll . -,Cii" for every

b e F3. Hence DF(n) commutes with £ for all b, and by R-linearity with £, the
multiplication operator by h, for every h € MC(n). Applying this to the multicomplex
number 1 gives

DF(n)[h] = DF(n) [£4(1)] = L1(DF(n)[1]) = h A(n),
with A(n) := DF(n)[1]. So DF(n) is multiplication by A(n) and therefore MC(n)-linear.
Thus F' € Hol(U). O

Since {€1, €y, ..., €,} is a basis for F}, we obtain the following corollary, stating that
the generators are sufficient to characterize multicomplex holomorphy in terms of i-
holomorphy.

Corollary 4.8. Let U C MC(n) be open. A function F: U — MC(n) of class C' is
multicomplex holomorphic if and only if it is ix-holomorphic for each of the generators
i1,...,1in. Fquivalently,

Hol(U) = ﬁHolik(U).

Remark. The intersection ranges over the n generators only, although I(n) contains
2"~! units squaring to —1, namely the monomials it with &b = 1 (mod 2). The other
2"t — n of them are redundant: for any such unit, Ly = £ib11 X -/Jil;" commutes with
DF(n) as soon as the generators do, so M, Hol;, (U) C Holz(U).

4.3. The bicomplex case. We now describe the situation completely for n = 2. The
set of I(2)-preserving involutions of MIC(2) consists of the identity, the three conjuga-
tions?

o1 11— —i]_7 i2 — i2, 09 . i]_ — i]_, i2 — —i2, o3 . i]_ — —i]_, i2 — —i27
and the two swaps®
w i1P—>i27 i2P—>i1, W : i1P—>—iz, ir — —ij.
The admissible directions are i; and is, since the remaining nontrivial unit i;is squares

to +1. Among the six involutions, exactly three are e-admissible, namely o1, 09, 03, and
they form exactly four e-admissible pairs,

(alvil)y (027i2)7 (U3Ji1)7 (O'g,iz).
The fixed algebras of the three conjugations are

B,, = spang{l,is}, B,, = spang{1,i1 }, B,, = spang{l,ijiz}.

’In [28], the principal conjugates are denoted respectively by ~, , and .
3The unsigned swap appears, for example, in [31].
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Write 7 = x¢ + 2111 + 2i2 + 212 i1iz for the canonical coordinates on MC(2). For the
pair (o1,11), the basis 8y = 1, /1 = iz of B,, gives ug = xg, vg = X1, U = Ta, V] = T12,
and the system (4.2) reads

OF ., OF oF ., OF

8$1 8170’ 8x12 8x2

(4.3)

For the pair (0'3711), the basis 60 = ]_, 61 = i1i2 of 603 giVGS Uy = Lo, Vg = T1, U1 = T12,
v; = —x9, and the system (4.2) reads

oF | OF oF . OF
(4.4) — =i, — = —i—

83:1 8x0 8x2 81’12
Although the two systems look different, multiplying the second equation of (4.3) by
i; shows that they have exactly the same solutions, as predicted by Theorem 4.5: both
characterize the class Hol;, (U), which consists of the holomorphic functions of the two
complex variables zp = xg+i121 and z; = x5 +i1212, with values in the complex vector
space (M(C(2), £;,). The two pairs directed by i lead similarly, in the complex variables
W = xo + iawe and wy = 1 + iax19, to the class Holy, (U).

Theorem 4.9. Let U C MC(2) be a nonempty open set and let F': U — MC(2) be of
class C'. Then the following statements hold.

(a) The four e-admissible pairs of MC(2) give rise to exactly two classes of func-
tions, namely Hol;, (U) and Hol;,(U).

(b) F is bicomplex holomorphic if and only if F' € Holy, (U) N Hol;, (U).

(¢) The inclusions Hol(U) C Holy, (U) and Hol(U) C Hol;,(U) are strict, and
Hol;, (U) # Holy, (U).

Proof. Part (a) follows from Theorem 4.5 and the list of pairs above.

(b) If F'is bicomplex holomorphic, then F' € Hol;, (U) N Holy, (U) by Proposition 4.6.
Conversely, suppose that DF(n) commutes with both £;, and £;,. Then DF(n) also
commutes with £;, o £;, = Ly;i,, and hence, for h = ¢g + c1i1 + coia + 121112 with real
coefficients,

DFE(n)[h] = co DF(n)[1] + c1Li, DF(n)[1] + coLs, DF(n)[1] + c12Ls,5, DF ()[1]
= h DF(n)[1].

Thus DF(n) is MC(2)-linear and F' is bicomplex holomorphic.

(c) Consider the real-linear function F(n) := x¢ + x1iy, for which DF(n) = F for
every . On the one hand, F(iyn) = —x1 + x0iy = i1 F(n), so F € Hol;, (U). On the
other hand, F'(iz-1) = 0 while iz F'(1) =iz # 0, so F' ¢ Hol;,(U), and in particular F is
not bicomplex holomorphic. Exchanging the roles of i; and i completes the proof. [

In the bicomplex setting, every Cauchy—Riemann system generated by an e-admissible
involution of M(C(2) characterizes either the i;-holomorphic or the iz-holomorphic func-
tions, and bicomplex holomorphy is exactly the conjunction of the two.
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4.4. A tricomplex example. We conclude with an example in MIC(3) showing that,
in contrast with the bicomplex case, the real form B, selected by an e-admissible invo-
lution need not be spanned by elements of +1(n). Consider the involution o of MC(3)
determined by

O'(i]_) = —il, O'(iz) = —ig, O'(i3) = i1i2i3.
Its exponent matrix M has columns &, &, (1,1,1)7, and ker(M — I) = {b € F3 : by =
0}, whose odd vectors are €; and €;. Since o(i;) = —i; and o(iz) = —ia, both (o,1i1)

and (o,i2) are e-admissible pairs. We work with (o, 1i1).
A direct computation shows that the four elements
fo =1, B = i1z, B2 = iz + i1iais, B3 = i1i3 + i2i3

are fixed by o: for instance, O'(ilig) = (—11)(i1i2i3) = i2i3 and O'(i2i3) = (-12)(111213) =
i1iz, so 33 is fixed. They are linearly independent over R and, since dimg B, = 237! =4
by Lemma 4.3, they form a basis of B,. In particular, B, is not spanned by signed
unit monomials: the involution o glues the units iz and i;iziz, as well as the units i;is
and isiz. This phenomenon cannot occur for n < 2, as the fixed algebras displayed in

Section 4.3 show.
Write

N = xo + T1i1 + Tolz + x3lz + w12 i1ip + T3 1113 + Xoz iziz + X123 i1i2is

for the canonical coordinates on MC(3). Expanding n = S5 (ug + i1v¢) B, and com-
paring the coefficients yields the dictionary

Up = Zo, Vo = T, Uy = T2, V1 = —T9,

T3+ T123 13 — T23 13 + T23 T123 — X3
u2:77 02:7’ u3:77 03:77
2 2 2 2

and the (o,1i;)-Cauchy—Riemann equations 0F/0v, = iy OF /0uy, 0 < £ < 3, become, in
the canonical coordinates,

OF . OF OF . OF
(45) 871%1_1187330’ _671)2_1181%127
oF oF . (OF oF oOF oF . [ OF oOF
Or1s  OTys 11(3x3 (%123)’ O + OT1os 1(09013 8m23>'

The last two equations genuinely mix the four coordinates x3, x13, 93, £123, reflecting
the gluing performed by o.

For comparison, the diagonal conjugation 7 : iy — —iy, 1 < k£ < 3, also forms an
e-admissible pair with iy, and its fixed algebra B, = spang{1, i1is, i1i3, i2iz} is spanned
by unit monomials. The corresponding system is

oF , OF oF | OF oF | OF oF . OF

— ip— i =i .
8.’13'1 18]707 81'2 1(9.1'12’ 8$3 8.’13'13’ (9.1'123 18%23

By Theorem 4.5, this system and the system (4.5) have exactly the same solutions,

namely the class Holj, (U) of holomorphic functions of four complex variables with

respect to the complex structure £;,. One can also verify the equivalence of the two

systems directly by substitution. The exotic involution ¢ does not change the function
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theory, but it changes the distinguished real form and the resulting real presentation of
the Cauchy—Riemann equations.

4.5. Anti-holomorphic and twisted classes. We present two families of functions
connected to the classes Hol;(U). The first family consists of the anti-holomorphic
classes, obtained by reversing the sign in the Cauchy—Riemann equations (4.1). They
turn out to be conjugates of the classes Hol;(U), and it is here that the involutions
finally play an operational role as the maps implementing the conjugation. The second
family consists of the twisted classes, in which the differential intertwines two different
complex structures. We show that every such class is an automorphic image of an
i-holomorphy class. We begin with the anti-holomorphic classes.

Definition 4.10. Let (0,i) be an e-admissible pair, let U C MC(n) be open, and let
F : U — MC(n) be of class C'. We say that F satisfies the (o, 1)-anti-Cauchy—Riemann
equations on U if

(4.6) DF)[ip] = -iDFm)[Al, neU peb,

In the coordinates of Section 4.2, condition (4.6) reads OF/0v, = —i0F/0u, for

0<{¢<m-—1,that is, 9" F = 0 for the unbarred Wirtinger-type operators
. 170 0
=2 0) ociemon
¢ 2\ Ouy lavg =t=m
Proposition 4.11. Let (0,1) be an e-admissible pair, let U C MC(n) be open, and let
F :U — MC(n) be of class C'. The following statements are equivalent.
(i) F satisfies the (o,1)-anti-Cauchy—Riemann equations on U;

(ii) DF(n)o L; = —L; o DF(n) for everyn € U;

(iii) o o F satisfies the (o,1)-Cauchy—Riemann equations on U;

(iv) F oo satisfies the (o,1)-Cauchy—-Riemann equations on o(U).
In particular, the class of solutions, denoted by Hol;(U), depends only on the unit i,
and

Holi(U) ={o00oG : GeHo,j(U)} ={Goo : G € Holi(a(U))}
for every involution o such that (0,1) is an e-admissible pair.

Proof. (i) < (ii). As in the proof of Theorem 4.5, write h = u + iv with u,v € By, so
that ih = iu — v. If (i) holds, then
DF(n)[ih] = DF(n)liu] — DF(n)[v] = =i DF(n)[u] — DF(n)[v],
—i DF(n)[h] = =i DF(n)[u] — i DF(n)[iv] = =i DF(n)[u] — DF(n)[v],

and the two right-hand sides agree, which gives (ii). The converse is immediate.

(ii) < (iii). Since o is linear, D(o o F)(n) = o o DF(n), and Lemma 4.2 gives
oo L; =—L;oo. Hence, since DF(n) is real-linear,
D(coF)(n)oL;=00DF(n)oL; and LioD(ogoF)(n)=—-0coL;oDF(n),

so oo F satisfies condition (ii) of Theorem 4.5 if and only if DF(n)o L; = —L;0 DF(n),
since o is invertible.
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(ii) < (iv). Let ¢ € o(U). Since o is linear and involutive,
D(F 0 0)(¢) = DF(s(0)) 0 0.
Using 0 o L; = —L; o 0, we obtain
D(Foo)({)oL;=—DF(c(()) o L; o0,
Lio D(Fo0)(() = LioDF(o(C)) oo
Since o is bijective, these expressions are equal for every ( € o(U) if and only if
condition (ii) holds throughout U.

The description of Hol;(U) follows from (iii) and (iv) applied to ' = ¢ o G and
F =G oo, using 0 o 0 = Id, and the independence of o is clear from (ii). O

Remark. When n = 1, Proposition 4.11 recovers the classical anti-holomorphic func-
tions: the functions G(z) and G(Z) with G holomorphic. Moreover, for any n > 1,
Hol; (U) N Hol; (U) consists of the locally constant functions: if DF(n) both commutes
and anticommutes with £;, then 2 DF(n)oL; = 0, and DF(n) = 0 since £L; is invertible.

The next proposition gives the counterpart of Corollary 4.8 for anti-holomorphic
functions.

Proposition 4.12. Let U C MC(n) be open, and let T : MC(n) — MC(n) be the
involution determined by

T(ik):—ik, 1§k§n

Let F : U — MC(n) be a function of class C*. Then the following statements are
equivalent.

() F e () ok, (U);

k=1
(ii) 7o F' € Hol(U);
(iii) there exists a function p: U — MC(n) such that

DFE(m)[h] = p(n)T(h),  neU, heMC(n).

Consequently,
() Hol,, (U) = {70 G : G € Hol(U)} .
k=1
Equivalently,
() Holy, (U) = {GOT G € HOI(T(U))}.
k=1
Proof. The involution 7 satisfies 7(ix) = —ix for every 1 < k < n. Hence (7,ix) is an

e-admissible pair for each k. By Proposition 4.11,
F € Hol; (U) <= T1oF € Hol (V).
It follows that
I e ﬁ Hol, (U) <= 71oF ¢ ﬁ Hol;, (U).
k=1

k=1
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By Corollary 4.8,
ﬂ Hol;, (U) = Hol(U).

This proves the equivalence between (i) and (ii).
Suppose that (ii) holds and set G := 7o F. Since G € Hol(U), for every n € U there
exists A(n) € MC(n) such that

DG(n)h] = A(n)h, h € MC(n).
Since 7 is real-linear, we have
DG(n) =710 DF(n).
Applying 7 and using 72 = Id, we obtain

DF(n)[h] = T(A(m)h) = (A1) 7(h).

Thus (iii) holds with pu(n 7‘()\( )
Conversely, suppose that (iii) holds. Then

D(r o F)) [ = r(DFw)[h)) = 7 (u(myr()) = (u(m)h

Therefore, D(7 o F')(n) is MC(n)-linear for every n € U, and hence 7 o F' € Hol(U).
This proves the equivalence between (ii) and (iii).

Since 72 = Id, condition (ii) is equivalent to the existence of G € Hol(U) such that
F = 7 0. This gives the first description of the intersection. The second description
follows from the precomposition characterization in Proposition 4.11. O

In view of Proposition 4.12; it is natural to define the class of multicomplex anti-
holomorphic functions on U by

Hol(U) :=={70G: G € Hol(U)}.
Proposition 4.12 then gives the anti-holomorphic counterpart of Corollary 4.8:

Hol(U) = () Hol, (U

In particular, a function is multicomplex anti-holomorphic precisely when its differential
is 7-conjugate M(C(n)-linear, in the sense that

DF(n)[h] = u(n)7(h)
for some p(n) € MC(n).
We end this section with a result about twisted classes: one may require the differ-

ential of F' to intertwine two different complex structures. The next proposition shows
that this apparent generalization reduces to i-holomorphy.

Proposition 4.13. Let i,i’ € I(n) with i* = (I')> = —1, let € € {—1,1}, and let
U C MC(n) be an open set. There exists an I(n)-preserving automorphism ¢ of MC(n)
with (i) = €i’, and for any such v,

{FeCY(U) : DF(n)oLi=cLyoDF(n), ncU}={YoG : G cHol(U)}.
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In particular, every such twisted class consists of real-analytic functions and is obtained
from an i-holomorphy class by post-composition with a single fized I(n)-preserving au-
tomorphism.

Proof. For the existence of ¢: when ¢ = 1, an automorphism with ¥ (i) = i’ was
constructed in the proof of Proposition 4.6; when € = —1, compose it with the involution
negating one generator i;, with jo in the support of i’, which maps i’ to —i’ and preserves
I(n).

Since v is a R-algebra automorphism, ¢ o L; = Ly oY =ecLyotp. H F =19oG
with G € Hol;(U), then for n € U, DF(n) = ¢ o DG(n) and

DF(n)oLi=voDG(n)oL;=v%oLioDG(n)=cLyorpoDG(n)=¢eLlyoDF(n).

Conversely, if F' belongs to the twisted class, set G := ' o F. From (i) = i’ we get
Yp71(i") =€i, hence v o Lyy = e Lioy™! and forn € U

DG(n)o Ly =9~ o DF(n)o Ly =c¢~! o Ly o DF(n) = £ L o DG(n),
so G € Hol;(U). Hence F = ¢ o G with G € Hol;(U). O

Taking i’ = i and ¢ = —1 in Proposition 4.13 recovers the anti-holomorphic class.
Taking n = 2, i = iy, i’ = iy, € = 1, and ¢ = w shows that the swap of Section 4.3
intertwines the two bicomplex classes.

4.6. Harmonic functions. Recall that, alongside the operators 5; ’i, we introduced
their companions

1/ 0 0
4. P (G <l<m-1
(4.7) 0, (aw (%g) 0</¢<m

where uy, v, are real coordinates associated to a real basis of B,, with (0,i) an e-
admissible involution. The next proposition shows that these operators factor a Lapla-
cian, exactly as 0, and 0- factor the planar Laplacian through A = 40.0-.

Proposition 4.14. Let (0,1) be an e-admissible pair, let U C MC(n) be open, and let
F :U — MC(n) be of class C?. Then, for every 0 < £ <m —1,

o.i 7ol =o0,i o, 62 82
(4.8) o7 =3 o _4<a +0w>
so that
82 62 m—1

mz::<(9w 8£>_4Za

Moreover, the real basis Bg = 1,01, ..., Bm_1 of B, may be chosen so that
92
4. A = A = _—
( 9) g ﬁz al,%’
beFy
where A is the standard Laplacian in the canonical coordinates (2.2); for this choice,
A, is independent of o and of the basis.
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Proof. Since i is a fixed element of MC(n), it commutes with the constant-coefficient
derivations 9/0u, and d/0v,; and since F is of class C?, by Schwarz’s theorem, the
mixed second partials of each of its real components agree. Expanding the product and

using i2 = —1,
) () e ) A )
4\Ouy v/ \Oup Oy A\ou? avg 4\oui = v}
The same computation with the factors reversed gives the identical result. This proves
(4.8), and summation over ¢ yields ;A,.

Endow MC(n) with the inner product (-,-) for which the monomials {ig}geﬂ,g form

an orthonormal basis. Because o is I(n)-preserving, it maps each monomial to a signed
monomial and permutes the basis up to sign. Hence ¢ is orthogonal, and by Lemma 4.3
the subspaces B, and i B, are orthogonal. Likewise, since i € I(n), the multiplication
L; permutes the monomials up to sign by (2.3), so £; is an isometry with respect to
(,-).

Choose an orthonormal basis 5y = 1,01,...,8m_1 of B,, which is possible with
fo = 1 since 1 is a unit vector of B,. Then (if,i5;) = (B, Se) = Ore, Where g is
the Kronecker symbol, and (f,i83,) = 0, so the family {5, ..., Bm_1,100,--,10m_1}
is an orthonormal basis of M(C(n). Let A be the matrix of the resulting linear change
of coordinates z = Az, where z = (ug,...,Un_1,V0,...,Vm_1) ; its columns are the
coordinates of the 3, and i3, in the monomial basis, so AT A = AAT = I. By the chain
rule and AAT =1,

2n 2F 2" 2F - O2F 2n O*F

A F = = = (AAY) = AF
Z EE pg:l (Z i aC”) dx, 0z, pgjl Jpa o, O, Z ox?

at every n € U, which is (4.9). O

Corollary 4.15. Let U € MC(n) be open and let i € I(n) with i* = —1. If F €
Hol;(U) or F € Hol;(U), then AF = 0, where A is the canonical Laplacian of (4.9).
Equivalently, each of the 2™ real components of F is harmonic on U.

Proof. By Theorem 4.5 and Proposition 4.11, functions in Hol;(U) and in Hol;(U) are
real-analytic, hence of class C?. Fix an involution ¢ making (c,1i) an e-admissible pair,
and choose the orthonormal basis of Proposition 4.14, so that A, = A. If F' € Hol;(U),

then 5;’iF =0 for 0 < ¢ <m—1 by (4.2), whence, by (4.8),
m—1 .
AF =43 07 (9]'F) =0.
=0

If F e Hol;(U), then 7'F = 0 for every £, and the same identity with the factors
reversed gives AF = 0. Since A has real coefficients, it acts componentwise on the
canonical representation (2.2), so each real component of F' is harmonic. U

Remark. Proposition 4.14 justifies the terminology of Definition 4.1. The type of the
second-order operator produced by the factorization is governed by the sign of —i2: for
an e-admissible pair, i2 = —1 gives the elliptic blocks 9% /0u?+0? /0v? and the Laplacian



32

NICOLAS DOYON, PIERRE-OLIVIER PARISE, AND WILLIAM VERREAULT

(4.9). If instead (o, j) is h-admissible, with n > 2, in the sense of the Remarks following
Proposition 4.6, with j> = 1, the same computation gives —j* = —1 and the blocks
0? JOu? — 9? /0v}, whose sum

m—1 82 62
> (50~ 7)

=0

has signature (m,m). This is an ultrahyperbolic operator when m > 2; see, for instance,
12, 23].

5. CONCLUDING REMARKS

We have studied the I(n)-preserving involutions of the multicomplex algebra MC(n)
from two complementary angles. On the algebraic side, translating the problem into
(0, 1)-matrix theory over Fy produced the closed-form count (1.1), together with the
Sign Lemma (Lemma 3.3). The counting reveals substantially more involutions than
the 2" conjugations traditionally used in multicomplex function theory, and hence a
correspondingly richer supply of Cauchy—Riemann-type systems. On the analytic side,
each elliptic-admissible pair (o,i) determines a complex structure £; together with a
real form B,, and thereby a first-order system. Theorem 4.5 shows that the resulting
solution class is governed by the distinguished unit i alone: the involution o fixes the
real coordinates in which the system is written, but not the function theory it defines.
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