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Abstract. We classify and count the real-algebra involutions of the multicomplex
algebra MC(n) that map each element of its canonical monomial basis to a signed
monomial, using a matrix model over F2.

An elliptic-admissible pair consists of such an involution σ and a monomial unit
i ∈ I(n) satisfying i2 = −1 and σ(i) = −i. The fixed algebra of σ is a real form
for the complex structure Li defined by multiplication by i, and the pair yields a
Cauchy–Riemann system. We prove that its solution class depends only on i, not on
σ, and is exactly the class of mappings holomorphic with respect to Li . Multicomplex
holomorphy is recovered as the intersection of the classes associated with the ele-
mentary generators. We obtain the analogous characterization for anti-holomorphic
classes, describe twisted systems intertwining two such complex structures, and prove
that every i-holomorphic or i-anti-holomorphic mapping is componentwise harmonic
(solutions to Laplace’s equation).

1. Introduction

In the classical theory of complex-valued functions, a function f : Ω ⊆ C → C
that is holomorphic can be characterized through a system of equations called the
Cauchy–Riemann equations. These equations can be described using the Wirtinger
[33] operators
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where z := x+ iy, with x, y ∈ R and i2 = −1, and z := x− iy denotes the complex con-
jugate of z. A continuously differentiable function f : Ω ⊆ C → C is then holomorphic
if and only if ∂zf = 0.

Several approaches generalize holomorphic-function theory through systems of par-
tial differential equations. One such approach uses Clifford and complexified Clifford
algebras. In this setting, the analogue of ∂z is a Dirac operator: a linear combination
of the partial derivatives associated with the anticommuting generators of the Clifford
algebra, whose null solutions are called monogenic functions. The idea of a Dirac-type
system for space goes back to Moisil and Teodorescu [29], and the function theory of
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a single quaternionic variable to Fueter [16, 17], whose theory of regular functions was
placed on its modern footing by Sudbery [40]. It was then systematically developed
in the setting of Clifford algebras by Delanghe [13], by Brackx, Delanghe and Som-
men [2] and by Delanghe, Sommen and Souček [14] (see also Gilbert and Murray [20]),
and extended to the complexified Clifford algebras by Ryan [37]. A more recent and
rapidly developing branch replaces the Dirac system by a slice condition, giving the
slice-regular functions of a quaternionic variable introduced by Gentili and Struppa
[19] and the slice-monogenic functions over Clifford algebras of Colombo, Sabadini and
Struppa [9, 10].

Unlike the Clifford approach, in which a single first-order operator governs a non-
commutative, multiplicatively non-closed class, a second approach uses commutative
generators to define a higher-dimensional commutative real algebra and to create a
class of functions as solutions to a system of Cauchy–Riemann equations.

This second direction was pursued for the bicomplex numbers, that is, the set MC(2)
(also denoted by BC) of expressions of the form η = x + yi1 + zi2 + wi1i2, where
x, y, z, w ∈ R, and where the imaginary units i1 and i2 commute and satisfy i2

1 = i2
2 =

−1. In [28], the authors introduced three conjugations of the set of bicomplex numbers
(denoted by †, ∗ and ) and defined the four associated Wirtinger-type operators1 ∂η,
∂η† , ∂η∗ , and ∂η, so that a bicomplex-valued function f : Ω ⊆ MC(2) → MC(2) that
is continuously differentiable as a map of real vector spaces is holomorphic if and only
if the following Cauchy–Riemann type equations ∂η†f = ∂η∗f = ∂ηf = 0 are satisfied.
These Wirtinger operators were then generalized to the multicomplex numbers MC(n)
[32], a generalization of the complex numbers and the bicomplex numbers to higher
dimensions, using a distinguished family of conjugations [39].

The unifying algebraic notion behind all the conjugations mentioned above is that
of an involution. Terminology varies in the literature. Throughout this paper, an
involution refers to a real-algebra automorphism whose square is the identity. This
convention is consistent with the usage in [15, 26, 30]. Our first result in Section 3
shows that there are more involutions than the 2n mainly referred to in the literature
on multicomplex function theory; see [11, 18, 28, 35, 36, 39]. This suggests that there
are more Cauchy–Riemann type equations that can be created from these additional
involutions. Based on these new involutions, we introduce a new framework—a complex
structure on MC(n) associated with an involution and a distinguished unit i ∈ MC(n)
with i2 = −1—to study these systems of Cauchy–Riemann equations and to establish
a connection to the space of holomorphic functions of a multicomplex variable. This
approach is presented in Section 4, and to the best of the authors’ knowledge, the
approach presented here has not been developed in the literature. We hope it will shed
new light on function theory in multicomplex space.

For the rest of the introduction, we let i1, . . . , in be the elementary commuting imag-
inary units of MC(n) and define the set I(n) as the set of numbers that can be written
as i1

a1 · · · in
an with ak ∈ {0, 1}. We also denote by ±I(n) the set of all the numbers

of the form ±i, for i ∈ I(n). Section 2 gives some preliminaries on the multicomplex
numbers.

1The precise expression of these operators can be found originally in [35].
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1.1. Summary of the main results. In Section 2, we introduce the concept of holo-
morphic functions for multicomplex-valued functions of a multicomplex variable in
terms of the multicomplex linearity of the real differential. In Proposition 2.3, we
show that this definition of holomorphy is equivalent to the one given in the literature
in terms of the limit of a difference quotient. This fact is well-known in the literature
for bicomplex-valued functions of a bicomplex variable (see [28, Remark 7.3.4]). We
provide a complete proof in the multicomplex setting, without assuming any sort of
regularity.

In Section 3, we introduce the notion of an I(n)-preserving involution of MC(n),
n ≥ 1, that is, an involution f of MC(n) that maps every element of I(n) into ±I(n).
We show that the number of I(n)-preserving involutions of the multicomplex numbers
is given by the formula

n∑
k=⌈n/2⌉

( k−1∏
j=1

2n − 2j
2k − 2j

)( n−k−1∏
j=0

(2k − 2j)
)

2k,(1.1)

where an empty product is understood to be equal to 1. This gives an integer sequence
starting with 2, 6, 44, 576, 15392, . . ., such that, surprisingly, we could not find a
reference for it in the On-Line Encyclopedia of Integer Sequences (OEIS). We prove
formula (1.1) by translating the counting problem into a counting problem in the world
of matrix theory over the field of two elements F2 and using linear algebra tools there.
The proof reveals that the inner factor ∏k−1

j=1(2n−2j)/(2k−2j) is the Gaussian binomial
coefficient

[
n−1
k−1

]
2
, so that (1.1) is a weighted sum over the subspace lattice of Fn2 . Such

sums are ubiquitous in the applied theory of linear algebra over F2. On the one hand,
the subspace lattice of Fn2 is the ambient space of the subspace codes used in random
network coding [24]. On the other hand, involutory matrices over fields of characteristic
two are of independent interest in symmetric-key cryptography, where they allow a block
cipher to reuse the same circuitry for encryption and decryption [21].

Furthermore, one might be tempted to consider all involutions of the space of mul-
ticomplex numbers instead, but some of the resulting involutions lose their connection
with, and their significance for, the Cauchy–Riemann equations. To remain consistent
with the defining features of the subset of involutions used in [39], we therefore directed
our efforts toward the characterization of the involutions preserving the elementary
units of the multicomplex numbers. Interestingly, this turns out to be a more difficult
problem than the general one of counting all involutions; the latter is briefly discussed
in Section 3.2 for completeness.

In Section 4, we define the concepts of elliptic-admissible involutions (e-admissible
involutions, for short) and of e-admissible pair (σ, i). We say that σ is e-admissible if
there exists i ∈ I(n) such that σ(i) = −i and that the pair (σ, i) is an e-admissible
pair if σ is an e-admissible involution, and the unit i satisfies i2 = −1 and σ(i) = −i
(see Definition 4.1). We then attach a first-order system of Cauchy–Riemann type
equations to every e-admissible pair (σ, i), and identify precisely the class of functions
it defines. Our Theorem 4.5 shows a striking phenomenon : On the one hand, the
involution σ serves to define a coordinate system of the complex structure to express
the new Cauchy–Riemann equations; on the other hand, the function theory is solely
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described by the imaginary unit i and therefore the class of functions described by
the Cauchy–Riemann equations is independent of the choice of the involution σ. This
phenomenon justifies the introduction of the class of i-holomorphic functions, with
i2 = −1 and i ∈ I(n), and our Theorem 4.7 gives a sharp characterization of the
class of holomorphic functions of a multicomplex variable in terms of the classes of
i-holomorphic functions. We also illustrate the theory completely for bicomplex-valued
functions. We then describe how the framework developed in this paper can be used
to describe families of i-anti-holomorphic functions. Our Proposition 4.11 then shows
how a class of anti-holomorphic functions can be defined, recovering the familiar fact
that a function of one complex variable that is both holomorphic and anti-holomorphic
is constant. We also introduce twisted classes obtained by allowing the differential to
intertwine two different complex structures. Proposition 4.13 shows that every such
class is an automorphic image of an i-holomorphy class.

Finally, we show that the Wirtinger operators defined from the complex structure
can be combined to obtain the Laplacian, justifying the terminology used for elliptic-
admissible involutions. We then show in Corollary 4.15 that any i-holomorphic or
i-anti-holomorphic function is harmonic (solutions to Laplace’s equation).

2. Background on multicomplex numbers

In 1892, Segre [38] introduced an algebraic structure that he called n-complex num-
bers with the goal of defining a multiplication operation between vectors of Cn, for
n ≥ 2.

Interest in the theory of n-complex numbers (nowadays referred to as multicomplex
numbers) and its applications have grown over the past decades. For example, they
are used to introduce generalizations of concepts from real and complex analysis, e.g.,
multicomplex fractional operators [6], multicomplex hyperanalytic functions [42], Lau-
rent series [27], Riemannian and semi-Riemannian geometry [43], and multicomplex
holomorphic functions [39]. We also mention the use of multicomplex numbers to gen-
eralize the Mandelbrot set to higher dimensions [3, 4, 18, 34], in theoretical physics
to generalize the linear and nonlinear Schrödinger equations [36, 41], and in machine
learning to generalize complex-valued neural networks [1].

A modern treatment of these numbers is presented in [32] with a preface describ-
ing the history of the development of associative algebras. We will mainly follow the
presentation given in [4], with slight changes in notation.

2.1. Multicomplex numbers. The definition of the multicomplex numbers is given
recursively. Let MC(0) be the set of real numbers and let MC(n), n ≥ 1, be the set

MC(n) := {η = η1 + η2in : η1, η2 ∈ MC(n− 1), i2
n = −1},(2.1)

where in is a formal square root of −1. For example, when n = 1, we obtain the set
MC(1) of complex numbers η1 + η2i1, where i2

1 = −1. When n = 2, we obtain the set
MC(2) of bicomplex numbers η1 + η2i2, where η1, η2 are complex numbers, and i2 is a
new square root of −1 such that i2

2 = −1, and i1 ̸= i2.
We say that two multicomplex numbers η and ζ are equal if and only if η1 = ζ1 and

η2 = ζ2. If we let η2 = 0 in the expression of a multicomplex number η = η1+η2in, we see
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that MC(n− 1) ⊆ MC(n). The set of multicomplex numbers becomes a commutative
ring if we endow it with the following algebraic operations:

1) η + ζ := (η1 + ζ1) + (η2 + ζ2)in;
2) ηζ := (η1ζ1 − η2ζ2) + (η1ζ2 + η2ζ1)in.

These last operations must be understood recursively.
Let η = η1 + η2in be a multicomplex number. Then η1, η2 ∈ MC(n − 1), so there

are multicomplex numbers η11, η12, η21, η22 ∈ MC(n − 2) such that η1 = η11 + η12in−1
and η2 = η21 + η22in−1. Replacing the η1 and η2 in the expression for η, we obtain the
representation of η ∈ MC(n) in terms of four components in MC(n− 2),

η = (η11 + η12in−1) + (η21 + η22in−1)in.

From the definition of the multiplication, we can distribute in to obtain

η = η11 + η12in−1 + η21in + η22in−1in.

For example, a bicomplex number η = η1+η2i2 can be expressed as a linear combination
involving four real coefficients,

η = η11 + η12i1 + η21i2 + η22i1i2.

We can continue this process recursively until we reach the set MC(0). At each stage
k (1 ≤ k ≤ n) of the process, we obtain a representation of a multicomplex number in
terms of 2k multicomplex numbers in MC(n− k).

The representation we are interested in is the one in terms of the 2n components in
MC(0). To be more explicit, recall that I(n) is the set of all different possible products
of the elements in the set {1, i1, i2, . . . , in}. Since multiplication is commutative, the
cardinality of I(n) is 2n. The elements in this set can be used as a real basis, the
monomial real basis, to express a multicomplex number in the following way:

η =
∑

i∈I(n)
ηii,(2.2)

where ηi ∈ R. This is called the canonical real representation or the real monomial basis
representation. Using this representation and the algebraic operations defined above,
we can view the set MC(n) as a commutative real algebra.

There is an efficient way to formulate the canonical representation of a multicomplex
number using the vector space Fn2 , where F2 is the field with two elements {0, 1}.
This will be used later in the subsection on multicomplex holomorphy and throughout
Section 3 where the I(n)-preserving involutions are characterized.

For b⃗ = (b1, . . . , bn)⊤ ∈ Fn2 , we introduce the following notation which emphasizes
which generators from the set {i1, i2, . . . , in} are selected to form the elements of the
set I(n):

ib⃗ := i1
b1i2

b2 · · · in
bn .

Multiplying two such monomials and using the relations i2
k = −1, 1 ≤ k ≤ n, we obtain

the multiplication rule

(2.3) ia⃗ ib⃗ = (−1)a⃗⊤b⃗ ia⃗⊕b⃗ (⃗a, b⃗ ∈ Fn2 ),
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where a⃗ ⊕ b⃗ denotes the sum in Fn2 and a⃗⊤b⃗ = ∑n
k=1 akbk is computed modulo 2 (the

quantity a⃗⊤b⃗ represents the number of components in a⃗ and b⃗ that are simultaneously
1 and therefore contribute to a sign change in the product). The canonical real repre-
sentation of a multicomplex number η can be written as follows:

(2.4) η =
∑
b⃗∈Fn

2

xb⃗ ib⃗,

where xb⃗ := ηib⃗ ∈ R.

2.2. An idempotent representation for multicomplex numbers. Of particular
importance in the set of multicomplex numbers are the numbers η such that η2 = η,
which are called idempotent numbers. We assume for now that n ≥ 2 and we consider

en := 1 + in−1in

2 and en := 1 − in−1in

2 .

An additional property that these numbers have is that enen = 0. If we multiply a
multicomplex number η = η1 + η2in by en and by en respectively, we obtain

ηen = (η1 − η2in−1)en and ηen = (η1 + η2in−1)en.

Since en + en = 1, summing ηen and ηen yields the idempotent representation of a
multicomplex number, namely

η = (η1 − η2in−1)en + (η1 + η2in−1)en.

We see that the numbers multiplying en and en are elements of MC(n− 1), which we
call the idempotent components of η. We will denote them by ηen and ηen , respectively.
The idempotent representation can therefore be rewritten as

η = ηenen + ηenen.(2.5)
Note that two multicomplex numbers are equal if and only if their idempotent compo-
nents are equal.

The idempotent representation is important because it transforms the multiplication
of multicomplex numbers into a componentwise multiplication. More precisely, if η =
ηenen + ηenen and ζ = ζenen + ζenen, then we have

ηζ = ηenζenen + ηenζenen.(2.6)

We now apply the idempotent representation of elements of the set MC(n−1) to the
idempotent components of a multicomplex number η ∈ MC(n). Define

en−1 := 1 + in−2in−1

2 and en−1 := 1 − in−2in−1

2 .

Then, the idempotent components ηen and ηen of η ∈ MC(n) can be written as
ηen = ηen−1enen−1 + ηen−1enen−1

and
ηen = ηen−1enen−1 + ηen−1enen−1,
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where ηen−1en , ηen−1en , ηen−1en , ηen−1en ∈ MC(n− 2). Replacing these in the idempotent
representation of η ∈ MC(n), we obtain a second idempotent representation in terms
of components in MC(n− 2),

η = ηen−1enen−1en + ηen−1enen−1en + ηen−1enen−1en + ηen−1enen−1en.

More generally, define the following elements for each integer k ≥ 2:

ek := 1 + ik−1ik

2 and ek := 1 − ik−1ik

2 .

We then define a family of sets E(k, n) inductively for n ≥ 2 and 2 ≤ k ≤ n:
1) E(n, n) := {en, en} for k = n;
2) E(k, n) := E(k + 1, n)ek ∪ E(k + 1, n)ek for 2 ≤ k < n.

Now, for any 2 ≤ k ≤ n, an induction argument shows that the cardinality of E(k, n)
is 2n−k+1. Also, by induction, we have that if ε ∈ E(k, n), then ε2 = ε, and if ε1, ε2 ∈
E(k, n) with ε1 ̸= ε2, then ε1ε2 = 0.

Finally, any multicomplex number η ∈ MC(n) can be rewritten as
η =

∑
ε∈E(k,n)

ηεε,

where ηε ∈ MC(k − 1) for all ε ∈ E(k, n). The special case when k = 2 will be of
particular importance to us. For this reason, we let En := E(2, n), and therefore any
η ∈ MC(n) can be written as
(2.7) η =

∑
ε∈En

ηεε,

where ηε ∈ MC(1) for all ε ∈ En.
These new idempotent representations still have the advantage of simplifying the

operation of multiplication. If
η =

∑
ε∈E(k,n)

ηεε and ζ =
∑

ε∈E(k,n)
ζεε,

then the following holds:
1) η = ζ if and only if ηε = ζε for all ε ∈ E(k, n);
2) η + ζ = ∑

ε∈E(k,n)(ηε + ζε)ε;
3) ηζ = ∑

ε∈E(k,n)(ηεζε)ε.
When n = 1, we set E1 := {1} so that the representation in terms of the set En is still
valid with coefficients in MC(1).

2.3. Topological considerations. We end this subsection with some topological con-
cepts. Under the identification MC(1) ∼= C, we write | · | for the modulus on MC(1),
and we equip MC(n) with the norm ∥η∥ := maxε∈En |ηε |; since all norms on a finite-
dimensional real vector space are equivalent, the limits considered in the next subsection
do not depend on this choice. In particular, h → 0 in MC(n) if and only if hε → 0 for
every ε ∈ En.

For a ∈ MC(n) and r > 0, the ball
P (a, r) := {η ∈ MC(n) : ∥η − a∥ < r} = {η ∈ MC(n) : |ηε − aε | < r, ε ∈ En}
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is an idempotent polydisc; these sets are open and convex, and they form a basis of
neighborhoods of a. Finally, given F : U → MC(n), we write Fε(η) := πε(F (η)) for
the idempotent component of F , where πε : MC(n) → MC(1) is the projection on the
idempotent component of ε, for ε ∈ En. We then have Fε : MC(n) → MC(1) for every
ε ∈ En and we can then write F = ∑

ε∈En
Fεε. We also denote by ιε : MC(1) → MC(n)

the inclusion map z 7→ zε. The maps πε and ιε are both linear maps and therefore
real-differentiable, for any ε ∈ En.

We record in the following lemma the characterization of invertibility in idempotent
coordinates. The result is classical (see [32], and [28, 35] for the bicomplex case), and
we include the short proof for convenience.

Lemma 2.1. A multicomplex number η ∈ MC(n) is invertible if and only if ηε ̸= 0 for
every ε ∈ En, in which case

η−1 =
∑

ε∈En

η−1
ε ε.

Moreover, the group MC(n)× of invertible elements is open and dense in MC(n).

Proof. Since multiplication is componentwise in the representation (2.7) and since 1 =∑
ε∈En

ε, we have ηζ = 1 if and only if ηεζε = 1 for every ε ∈ En. As MC(1) is a field,
this proves the criterion and the formula for the inverse. The map η 7→ (ηε : ε ∈ En)
is a real-linear bijection from MC(n) onto MC(1)2n−1 , hence a homeomorphism, and
MC(n)× is the preimage of the set of 2n−1-tuples with nonzero entries, which is open
and dense in MC(1)2n−1 . □

The complement of MC(n)×, often called the null cone [11], is the finite union of the
linear subspaces {η : ηε = 0}, for ε ∈ En, each of real codimension 2.

2.4. Multicomplex holomorphy. Let U ⊆ MC(n) be an open set. Throughout
this section, a function F : U → MC(n) is said to be of class C1 if it is continuously
differentiable as a map between real vector spaces, and we denote by DF (η) : MC(n) →
MC(n) its (real) differential at the point η ∈ U . We adopt the following differential
formulation of holomorphy.

Definition 2.2. A function F : U → MC(n) of class C1 is multicomplex holomorphic
on U if, for every η ∈ U , the differential DF (η) is MC(n)-linear, that is, if there exists
λ(η) ∈ MC(n) such that

DF (η)[h] = λ(η)h, h ∈ MC(n).

We denote by Hol(U) the set of multicomplex holomorphic functions on U .

A large part of the literature on bicomplex and multicomplex function theory defines
holomorphy through a difference quotient rather than through the differential: a func-
tion F is said to be derivable at η0 if the quotient (F (η) − F (η0))(η − η0)−1 admits a
limit as η → η0 with η − η0 invertible (for the multicomplex case, see [32] and, for a
detailed account of the bicomplex case, see [28]). Then F is a holomorphic function on
an open set U ⊆ MC(n) if it is derivable for every η ∈ U .
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In the proposition below, we reconcile the two points of view: on an open set, both
formulations are equivalent to a local separation of variables in the idempotent coordi-
nates. By Lemma 2.1, every punctured ball centered at the origin meets MC(n)×, so
the limit in condition (ii) below, taken along invertible increments, is meaningful. We
emphasize that no regularity whatsoever is assumed on F in condition (ii): continuity
of F is part of the conclusion.

Proposition 2.3. Let U ⊆ MC(n) be open and let F : U → MC(n) be a function. The
following statements are equivalent.

(i) F is multicomplex holomorphic on U in the sense of Definition 2.2.
(ii) For every η0 ∈ U , the limit

(2.8) F ′(η0) := lim
h→0

h∈MC(n)×

F (η0 + h) − F (η0)
h

exists in MC(n), where h ranges over the invertible elements such that η0 + h ∈
U .

(iii) Every point of U admits an idempotent polydisc neighborhood P (a, r) ⊆ U on
which

(2.9) F (η) =
∑

ε∈En

φε(ηε) ε, η ∈ P (a, r),

where each φε is a holomorphic function of one complex variable on the disc
Dε := {z ∈ MC(1) : |z − aε | < r}.

In this case, F is of class C∞ on U and, for every η ∈ U ,
(2.10) F ′(η) = λ(η) = DF (η)[1] =

∑
ε∈En

φ′
ε(ηε) ε

in the local representation (2.9).

Proof. We prove that (iii) implies (i) and (ii), that (i) implies (iii), and finally that (ii)
implies (iii). The identities in (2.10) are established along the way.

(iii) ⇒ (i). Suppose that (2.9) holds on P = P (a, r) ⊆ U . For each ε ∈ En, define
πε : MC(n) → MC(1) by πε(η) := ηε for η = ∑

ε∈En
ηεε and ιε : MC(1) → MC(n) by

ιε(z) := zε, so that F = ∑
ε∈En

Gε on P , where Gε := ιε ◦ φε ◦ πε . Each map πε and
ιε is real-linear, and each φε is holomorphic, hence of class C∞. Consequently F is of
class C∞ on P and therefore on U , since U is covered by such polydiscs. Moreover,
by the chain rule and the complex-linear nature of the differential of a holomorphic
complex-valued function,

DGε(η)[h] = ιε [Dφε(ηε)[πε [h]]] = φ′
ε(ηε)hεε,

and therefore

DF (η)[h] =
∑

ε∈En

φ′
ε(ηε)hε ε =

( ∑
ε∈En

φ′
ε(ηε) ε

)
h, h ∈ MC(n),

the second equality is because multiplication is componentwise. Thus DF (η) is MC(n)-
linear with λ(η) = ∑

ε∈En
φ′

ε(ηε)ε, so F ∈ Hol(U), and evaluating at h = 1 gives
λ(η) = DF (η)[1].
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(iii) ⇒ (ii). Fix η0 ∈ U . Choose the polydisc in (iii) centered at a = η0. Let
h ∈ MC(n)× with η0 + h ∈ P (a, r). By Lemma 2.1, hε ̸= 0 for every ε and inversion is
componentwise, so that

F (η0 + h) − F (η0)
h

=
∑

ε∈En

φε(aε + hε) − φε(aε)
hε

ε.

As h → 0, each component hε tends to 0 while remaining nonzero, and since φε is
complex-differentiable at aε , the ε-th component of the right-hand side converges to
φ′

ε(aε). componentwise convergence being equivalent to convergence in MC(n), the
limit (2.8) exists and equals ∑

ε∈En
φ′

ε(aε)ε = F ′(η0). This proves (ii).
(i) ⇒ (iii). Assume that F is of class C1 on U and that DF (η) is multicomplex

linear for any η ∈ U . Let a ∈ U and choose r > 0 with P := P (a, r) ⊆ U . Writing
F = ∑

ε∈En
Fεε and λ = ∑

ε∈En
λεε, we see that Fε = πε ◦F and λε = πε ◦λ. Therefore,

from the chain rule, we obtain

(2.11) DFε(η)[h] = πε [DF (η)[h]] = πε [λ(η)h] = λε(η)hε ,

for η ∈ P , h ∈ MC(n), and ε ∈ En.
Fix ε and let ε′ ̸= ε. If η, ζ ∈ P differ only in their ε′ components, the segment joining

them lies in P and is of the form t 7→ η + t w ε′, t ∈ [0, 1], with w = ζε′ − ηε′ ∈ MC(1).
By (2.11), the derivative of the C1 map t 7→ Fε(η + t w ε′) equals DFε(·)[wε′] =
λε(·) πε(wε′) = 0, since πε(wε′) = 0 for ε ̸= ε′. Hence Fε(ζ) = Fε(η) by the mean
value theorem applied to the real components of Fε . Since any two points of P with
the same ε component differ by finitely many such one-component moves inside P , the
component Fε depends only on ηε on P . Therefore there is a function φε : Dε → MC(1)
with Fε(η) = φε(ηε) for η ∈ P .

It remains to check that each φε is holomorphic on Dε . Let z ∈ Dε and set η :=
a + (z − aε) ε ∈ P . The map z′ 7→ φε(z′) = Fε

(
η + (z′ − z)ε

)
is the composition of

a real-affine map with Fε , hence is differentiable at z, and by (2.11) its differential is
w 7→ DFε(η)[wε] = λε(η)w, which is MC(1)-linear. Thus φε is complex-differentiable
at every point of Dε , hence holomorphic on Dε . This proves (iii).

(ii) ⇒ (iii). This is the only implication requiring some care, since the increments
in (2.8) must avoid the null cone and no regularity of F is assumed. Let a ∈ U and
choose r > 0 so that P := P (a, r) ⊆ U .

We first record the estimate provided by (ii). Let q ∈ P . Applying (2.8) at q, there
exists δq > 0, which we may take small enough that ∥h∥ < δq implies q + h ∈ U , such
that for h ∈ MC(n)×, 0 < ∥h∥ < δq,

(2.12)
∥∥∥(
F (q + h) − F (q)

)
h−1 − F ′(q)

∥∥∥ ≤ 1.

For such h, write Q := (F (q + h) − F (q))h−1, so that F (q + h) − F (q) = Qh exactly.
Taking the ε component and using |Qε | ≤ ∥F ′(q)∥ + 1, which follows from (2.12), we
deduce

(2.13)
∣∣∣Fε(q + h) − Fε(q)

∣∣∣ ≤ Cq |hε |, Cq := ∥F ′(q)∥ + 1, ε ∈ En.
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We now show our main goal in two steps: (1) we first show that, on P , each component
Fε depends only on ηε ; and (2) we then show that each φε is holomorphic on Dε , which
will complete the proof of the equivalence.

(1) Fix ε ̸= ε′ and let η, ζ ∈ P differ only in their ε′ component, say ζ = η + w ε′

with w ∈ MC(1) \ {0}. For t ∈ [0, 1], set qt := η + t w ε′ ∈ P , and abbreviate δt := δqt

and Ct := Cqt . We claim that t 7→ Fε(qt) is locally constant on [0, 1], meaning that
there is a neighborhood around any point in [0, 1] on which t 7→ Fε(qt) is constant.

Fix t ∈ [0, 1] and let t′ ∈ [0, 1] with 0 < |t′ − t| |w| < δt/2. Let s be a real number
with

0 < s < min
(
δt/4, δt′ , |t′ − t| |w|

)
,

and consider the increment and the auxiliary point
h := s+ (t′ − t)w ε′, y := qt + h.

The components of h are hε′′ = s for ε′′ ̸= ε′ and hε′ = s + (t′ − t)w, and are nonzero
by the choice of s. Hence h ∈ MC(n)× by Lemma 2.1, and ∥h∥ ≤ s + |t′ − t| |w| < δt.
On the other hand, since qt′ = qt + (t′ − t)w ε′, we also have

y = qt′ + s, s ∈ MC(n)×, ∥s∥ = s < δt′ ,

the real number s = s · 1 being invertible because all of its components equal s ̸= 0.
Applying (2.13) at the point qt with the increment h, whose ε component is s because
ε ̸= ε′, and then at the point qt′ with the increment s, we obtain

|Fε(y) − Fε(qt)| ≤ Ct s and |Fε(y) − Fε(qt′)| ≤ Ct′ s.

Hence |Fε(qt′) − Fε(qt)| ≤ (Ct + Ct′) s for every sufficiently small s > 0, and therefore
Fε(qt′) = Fε(qt). This holds in the neighborhood It := (t − ρt, t + ρt) ∩ [0, 1] where
ρt := δt/(2|w|). Hence, t 7→ Fε(qt′) is constant on It and this proves what we wanted.
Now, since [0, 1] is a connected set and t 7→ Fε(qt) is locally constant, it must be
constant on [0, 1]. Therefore, we obtain Fε(ζ) = Fε(η). As in the proof of (i) ⇒ (iii), it
follows that Fε depends only on the component ηε and hence Fε(η) = φε(ηε) in P for
some function φε : Dε → MC(1).

(2) Let z ∈ Dε and set η := a + (z − aε) ε ∈ P . Let (zp)p≥1 be any sequence
in Dε \ {z} with zp → z, and set hp := zp − z ∈ MC(1) \ {0} ⊆ MC(n). All the
idempotent components of hp equal zp − z ̸= 0, so hp ∈ MC(n)× by Lemma 2.1, while
∥hp∥ = |zp − z| → 0 and η + hp ∈ P for p large enough. By (ii) applied at η, the
quotients (F (η + hp) − F (η))h−1

p converge to F ′(η). Applying πε and using Step (1),
we obtain

φε(zp) − φε(z)
zp − z

−→ πε

(
F ′(η)

)
.

Since the sequence (zp) was arbitrary, φε is complex-differentiable at z, with φ′
ε(z) =

πε

(
F ′(η)

)
. Thus φε is complex-differentiable at every point of the open disk Dε , hence

holomorphic on Dε . This proves (iii).
The identities in (2.10) were obtained along the way. □

Remark. (1) The equivalence is local in an essential way: for n ≥ 2, the MC(n)-
linearity of the differential at a single point does not imply the existence of the limit
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(2.8) at that point. For instance, for n = 2, consider G : MC(2) → MC(2) defined
by G(η) := (ηe2)2 e2. Then G is a polynomial map of the underlying real coordinates
with DG(η)[h] = 2 ηe2 he2 e2; in particular DG(0) = 0, so that DG(0) is MC(2)-linear.
Nevertheless, for the invertible increments ht := t3 e2 + t e2 with t > 0,(

G(ht) −G(0)
)
h−1
t = t2 · t−3 e2 = t−1 e2,

which is unbounded as t → 0, while along the real increments gt := t the same quotient
equals t e2 → 0; hence the limit (2.8) does not exist at 0. This is consistent with
Proposition 2.3, since DG(η) fails to be MC(2)-linear at every η with ηe2 ̸= 0, so that
condition (i) holds on no neighborhood of 0. The underlying mechanism is metric: for
n ≥ 2, the norm ∥h−1∥ may be much larger than ∥h∥−1 when h approaches 0 near the
null cone, whereas |h−1| = |h|−1 when n = 1. A comment about this phenomenon was
made for bicomplex-valued holomorphic functions in [28].

(2) For the remainder of the paper, all mappings under consideration are assumed to
be of class C1, unless stated otherwise.

From the canonical representation (2.4), we write η = ∑
b⃗∈Fn

2
xb⃗ ib⃗, where xb⃗ := ηib⃗ ∈

R, so that the functions xb⃗ form a system of real coordinates on MC(n). Definition 2.2
is then equivalent to a system of equations of Cauchy–Riemann type. We include a
proof of this result for the convenience of the reader. Recall that the symbol ⊕ is used
to denote the sum of vectors in Fn2 .
Proposition 2.4. Let F : U → MC(n) be of class C1. Then F is multicomplex
holomorphic on U if and only if

(2.14) ∂F

∂xb⃗⊕e⃗j

= ij
∂F

∂xb⃗
(1 ≤ j ≤ n, b⃗ ∈ Fn2 , bj = 0),

on U . In particular, we have λ = ∂F/∂x0⃗ on U .

Proof. Observe first that ∂F/∂xb⃗(η) = DF (η)[ib⃗] and that, when bj = 0, we have
ib⃗⊕e⃗j = ijib⃗ without any sign correction, by (2.3). If F is multicomplex holomorphic,
then

DF (η)[ib⃗⊕e⃗j ] = λ(η) ijib⃗ = ij λ(η) ib⃗ = ij DF (η)[ib⃗],
which is (2.14). Conversely, assume that (2.14) holds. Fix η ∈ U . Let b⃗ ∈ Fn2 with
b⃗ ̸= 0 and choose k such that bk = 1. From (2.14), we have

DF (η)[ik] = ∂F

∂x0⃗⊕e⃗k

(η) = ik
∂F

∂x0⃗
(η) = ikDF (η)[1]

and, by induction on the nonzero entries of the vector b⃗ to build the monomial ib⃗, we
obtain

(2.15) DF (η)[ib⃗] = ∂F

∂xb⃗
(η) = ib

∂F

∂x0⃗
(η) = ib⃗DF (η)[1].

Since DF (η) is real-linear and the monomials ib⃗ form a real basis of MC(n), it follows
that DF (η)[h] = hDF (η)[1] for every h ∈ MC(n), so F is multicomplex holomorphic
with λ(η) = DF (η)[1] = ∂F/∂x0⃗(η). □
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For n = 1, the system (2.14) consists of the single equation ∂F/∂xe⃗1 = i1 ∂F/∂x0⃗,
which is the classical Cauchy–Riemann equation written in complex form, while for
n = 2, from (2.15), it consists of the four bicomplex Cauchy–Riemann equations (see [28,
Theorem 7.3.1]). Observe that the proof of Proposition 2.4 only uses the fact that the
units i1, . . . , in commute, square to −1, and generate MC(n) as a real algebra: the same
characterization, therefore, holds with respect to any ordered n-tuple of commuting
roots of −1 that generates MC(n) as a real algebra.

3. Involutions preserving elementary units

We start by giving a precise definition of what we mean by an involution on an
associative real algebra A with multiplicative identity.

Definition 3.1. A function f : A → A is said to be an involution if the following
conditions are satisfied:

(a) f(f(η)) = η for any η ∈ A;
(b) f(η + ζ) = f(η) + f(ζ) and f(λη) = λf(η) for any η, ζ ∈ A and λ ∈ R;
(c) f(ηζ) = f(η)f(ζ) for any η, ζ ∈ A.

By definition, an involution is a real-algebra automorphism that is its own inverse.
When f is invertible but is not assumed to satisfy f 2 = Id, we simply call f a real-
algebra automorphism of A.

When A is the division algebra of quaternions, we know from [15, 26] that there are
infinitely many involutions. If q = a+ bi + cj + dk is a quaternion with the usual rules

ij = −ji = k, jk = −kj = i, ki = −ik = j,

and i2 = j2 = k2 = −1, then any nontrivial involution is given by fµ(q) = −µqµ, where
µ = a0i + b0j + c0k with a2

0 + b2
0 + c2

0 = 1. For other real algebras, however, the situation
might change drastically.

In a previous note [30], the second author replaced the quaternions by the commuta-
tive ring of bicomplex numbers. From [30, Theorem 1], we know that there are exactly
six involutions of MC(2). This result contrasts with the similar one obtained for the
quaternions and therefore makes the set of bicomplex numbers akin to the complex
numbers, where the only involutions are z 7→ z and z 7→ z̄.

We extend the classification from [30] to the multicomplex numbers of order n ≥ 1.
However, as mentioned in the introduction, we restrict our attention to I(n)-preserving
involutions of MC(n), n ≥ 1. Recall that an I(n)-preserving involution is an involution
f of MC(n) that maps every element of I(n) into ±I(n). We therefore obtain

Theorem 3.2. The number of I(n)-preserving involutions of MC(n), n ≥ 1, is
n∑

k=⌈n/2⌉

( k−1∏
j=1

2n − 2j
2k − 2j

)( n−k−1∏
j=0

(2k − 2j)
)

2k,

where an empty product is understood to be equal to 1.
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3.1. Proof of Theorem 3.2. If f is an involution, then for any multicomplex number
η, we have

f(η) =
∑
b⃗∈Fn

2

η⃗bf(ib⃗).

Since every ib⃗ ∈ I(n)\{1} is a product of the generators i1, . . . , in and f is a real-algebra
automorphism, its values are completely determined by its action on i1, i2, . . . , in.

Now, we have f(ik)2 = −1, and since we restrict our attention to involutions pre-
serving I(n), f(ik) must be a signed product of an odd number of imaginary units i1,
i2, . . ., in. Therefore, an I(n)-preserving involution f of MC(n) is determined by the
images of the generators i1, i2, . . ., in as follows:

f(ik) = i1
m1,ki2

m2,k · · · in
mn,k(−1)wk , 1 ≤ k ≤ n,

where mℓ,k, wk ∈ {0, 1} for each 1 ≤ ℓ ≤ n and 1 ≤ k ≤ n. Furthermore, for 1 ≤ k ≤ n
we have

−1 = f(−1) = f(i2
k) = f(ik)2 = (−1)m1,k(−1)m2,k · · · (−1)mn,k ,

which implies
n∑
ℓ=1

mℓ,k ≡ 1 (mod 2), 1 ≤ k ≤ n.

Consequently, the problem reduces to counting the exponent matrices and sign vectors
for which these assignments extend to involutions.

Now, given an n × n matrix M with entries in {0, 1} and columns m⃗1, . . . , m⃗n, and
given a vector w⃗ = (w1, . . . , wn)⊤ ∈ Fn2 , we denote by fM,w⃗ the map defined on 1 and
the imaginary units i1, i2, . . ., in by fM,w⃗(1) := 1 and

fM,w⃗(ik) := (−1)wk im⃗k , 1 ≤ k ≤ n.

The assignment defining fM,w⃗ extends uniquely to a unital real-algebra endomorphism
of MC(n) precisely when the image of each generator squares to −1, equivalently when
every column of M has odd sum, which is the parity requirement above. Once extended,
it is an automorphism if and only if M is invertible over F2. In particular, this is
automatic once M2 = I. In all cases, fM,w⃗ maps the basis element ib⃗ to ± iMb⃗. We
therefore define a function s : Fn2 → F2, called the sign function of fM,w⃗, by the relation

(3.1) fM,w⃗(ib⃗) = (−1)s(⃗b) iMb⃗, b⃗ ∈ Fn2 .

Here Mb⃗ is computed modulo 2.

Lemma 3.3 (Sign Lemma). Let M be an n × n matrix with entries in {0, 1} whose
columns m⃗1, . . . , m⃗n all have odd sum, let w⃗ ∈ Fn2 , and set Y := M − I, understood
modulo 2. Then the following statements hold.

(a) For any b⃗ ∈ Fn2 , we have s(⃗b) = b⃗⊤w⃗ + q(⃗b), where

q(⃗b) :=
n∑
k=1

⌊tk/2⌋ (mod 2)

and tk := ∑n
l=1 mk,lbl ∈ Z.
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(b) The map fM,w⃗ is an involution of MC(n) if and only if,
(3.2) M2 ≡ I (mod 2) and Y ⊤w⃗ ≡ c⃗ (mod 2),

where c⃗ := (q(m⃗1), . . . , q(m⃗n))⊤ depends only on the matrix M .
(c) If M2 ≡ I (mod 2), then the system Y ⊤w⃗ ≡ c⃗ (mod 2) is solvable. Conse-

quently, the set of sign vectors w⃗ for which fM,w⃗ is an involution of MC(n) is a
coset of ker(Y ⊤) in Fn2 , and its cardinality is 2k, where k := dim kerY .

Proof. To simplify the notation in the proof, let f := fM,w⃗.
(a) Let b⃗ ∈ Fn2 . Since f is a real-algebra endomorphism and ib⃗ = i1

b1 · · · in
bn , we

obtain
f(ib⃗) =

n∏
j=1

f(ij)bj =
n∏
j=1

(
(−1)wj im⃗j

)bj = (−1)b⃗⊤w⃗
n∏
j=1

(
im⃗j

)bj

.

Since the imaginary units commute, we may collect the powers of each unit ik in the
last product. No relation i2

k = −1 is used at this stage, so the exponent of ik is the
integer ∑n

j=1 mkjbj = tk, and hence

f(ib⃗) = (−1)b⃗⊤w⃗
n∏
k=1

ik
tk .

Write tk = 2qk + m̃k with qk = ⌊tk/2⌋ and m̃k ∈ {0, 1}. From i2
k = −1, we get

ik
tk = (i2

k)qkik
m̃k = (−1)qkik

m̃k , and therefore

f(ib⃗) = (−1)b⃗⊤w⃗+
∑n

k=1 qk

n∏
k=1

ik
m̃k = (−1)b⃗⊤w⃗+q(⃗b) iMb⃗,

where the last equality holds because m̃k ≡ tk ≡ (Mb⃗)k (mod 2), so that (m̃1, . . . , m̃n)⊤ =
Mb⃗ in Fn2 . This completes the proof of (a).

(b) Because f is a unital algebra endomorphism, it is an involution if and only if f ◦f
fixes the generators i1, . . . , in. Using (3.1) twice together with part (a),

f(f(ik)) = (−1)wkf(im⃗k) = (−1)wk+s(m⃗k) iMm⃗k = (−1)wk+m⃗⊤
k w⃗+q(m⃗k) iM2e⃗k ,

where e⃗k denotes the k-th standard basis vector of Fn2 , for 1 ≤ k ≤ n. Therefore
f(f(ik)) = ik for every 1 ≤ k ≤ n if and only if M2e⃗k ≡ e⃗k and wk + m⃗⊤

k w⃗ ≡ q(m⃗k)
(mod 2) for every 1 ≤ k ≤ n. The first family of conditions is M2 ≡ I (mod 2) and,
since subtraction and addition agree in F2, the second family of conditions is exactly
the affine system (I +M⊤)w⃗ ≡ Y ⊤w⃗ ≡ c⃗ (mod 2).

(c) Assume that M2 ≡ I (mod 2), put Y = M − I, and set g := fM,⃗0. From (a), the
sign function of g is q(⃗b).

We first show that g ◦ g = fI,⃗c. Let e⃗k denote the k-th standard basis vector, so that
ik = ie⃗k . Since Me⃗k = m⃗k has entries in {0, 1}, q(e⃗k) = 0. Therefore

g
(
g(ik)

)
= g((−1)q(e⃗k)im⃗k) = g(im⃗k) = (−1)q(m⃗k) iMm⃗k = (−1)ck ik,

because Mm⃗k = M2e⃗k ≡ e⃗k (mod 2) and ck = q(m⃗k) by the definition of c⃗. Thus
g ◦g agrees with fI,⃗c on the generators, and since both are real-algebra automorphisms,
g ◦ g = fI,⃗c.
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We can now show that the system Y ⊤w⃗ ≡ c⃗ (mod 2) has a solution. If v⃗ ∈ kerY ,
then Mv⃗ = v⃗, and the sign formula gives

g(iv⃗) = (−1)q(v⃗)iv⃗.

Thus (g ◦ g)(iv⃗) = iv⃗. On the other hand,

(g ◦ g)(iv⃗) = fI,⃗c(iv⃗) = (−1)c⃗⊤v⃗iv⃗.

Therefore c⃗⊤v⃗ = 0 for every v⃗ ∈ kerY and hence c⃗ ∈ (kerY )⊥. As the standard bilinear
form on Fn2 is nondegenerate, (kerY )⊥ = Ran(Y ⊤), so c⃗ ∈ Ran(Y ⊤). This is precisely
the assertion that the system Y ⊤w⃗ ≡ c⃗ (mod 2) is solvable.

Finally, fix a particular solution w⃗0. For any w⃗ ∈ Fn2 ,

Y ⊤w⃗ ≡ c⃗ ⇐⇒ Y ⊤(w⃗ − w⃗0) ≡ 0⃗ ⇐⇒ w⃗ − w⃗0 ∈ ker(Y ⊤),

so the solution set is the coset w⃗0 +ker(Y ⊤). By part (b), under the standing hypothesis
M2 ≡ I, these are exactly the sign vectors w⃗ for which fM,w⃗ is an involution of MC(n).
Hence they form a coset of ker(Y ⊤) in Fn2 . Its cardinality is | ker(Y ⊤)| = 2dim kerY ⊤ ,
and since Y and Y ⊤ share the same rank, and therefore the same nullity, we have
dim kerY ⊤ = dim kerY = k. The cardinality is thus 2k. □

With this setup, we are now ready to prove Theorem 3.2.

Proof of Theorem 3.2. Every unital real-algebra endomorphism that maps the canon-
ical monomial basis into signed monomials is encoded by a matrix M over F2, whose
columns have odd weight, together with a sign vector w⃗ ∈ Fn2 . We write f = fM,w⃗. Set
Y := M − I over F2.

By Lemma 3.3(b), an encoded map fM,w⃗ is an involution if and only if every column
of M has odd sum, M2 ≡ I (mod 2), and the affine sign condition in (3.2) holds.
We therefore first focus on counting the number of matrices M with entries in {0, 1}
such that M2 ≡ I (mod 2) and each of its columns has odd sum, and then finding the
number of associated sign vectors w⃗ satisfying Y ⊤w⃗ ≡ c⃗ (mod 2).

The equation M2 ≡ I (mod 2) is equivalent to Y 2 ≡ 0 (mod 2), and since every col-
umn of M has odd sum, every column of Y has even sum. The problem of enumerating
the matrices M now becomes the problem of enumerating n× n matrices Y such that

1) The entries of Y are equal to 0 or 1;
2) Y 2 ≡ 0 (mod 2);
3) The sum of each column of Y is ≡ 0 (mod 2).

We denote by k the dimension of the kernel of Y , that is, k := dim(ker(Y )). Because
Y 2 ≡ 0 (mod 2), we have Ran Y ⊆ kerY . Hence, n− k = rank Y ≤ k and so

(3.3) k ≥ n/2.

Observe that the dimension of the kernel of Y is equal to the dimension of the kernel
of Y ⊤. It will be easier to work with this transpose.

We use the notation e⃗ := (1, 1, . . . , 1)⊤. Condition 3 on the matrix Y is equivalent to

e⃗ ∈ ker(Y ⊤).
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For a fixed value of k, the number of ways of choosing ker(Y ⊤) with the restriction that
e⃗ ∈ ker(Y ⊤) is given by

(3.4) B(k, n) :=
k−1∏
j=1

2n − 2j
2k − 2j ,

with the convention that B(k, n) = 1 for k = 1. To see this, first note that the number
of ways of choosing an ordered sequence of k linearly independent vectors (with e⃗ as
the first vector of the sequence) is given by

(3.5)
k−1∏
j=1

(2n − 2j),

since when choosing a new vector, one cannot choose any linear combination of pre-
viously chosen vectors. Now, many choices of vector sequences (or basis choices) will
describe the same subspace. Given a basis of linearly independent vectors, the number
of ways of choosing a basis that will span the same subspace (under the condition that
e⃗ is the first vector of the ordered basis) is given by

(3.6)
k−1∏
j=1

(2k − 2j).

Equality (3.4) follows from (3.5) and (3.6).
Now, suppose that the kernel ker(Y ⊤) has been chosen. Let k again be the dimension

of the kernel of Y ⊤. Let u⃗1, u⃗2, . . . , u⃗k be a basis of ker(Y ⊤). Let v⃗1, v⃗2, . . . , v⃗n−k
be vectors such that u⃗1, u⃗2, . . . u⃗k, v⃗1, v⃗2, . . . , v⃗n−k is a basis of Fn2 . We now count the
possible linear maps Y ⊤ with this prescribed kernel.

Since Y 2 ≡ 0 (mod 2), we deduce that (Y ⊤)2 ≡ 0 (mod 2). This last identity implies
that

(Y ⊤)2v⃗j = 0⃗, 1 ≤ j ≤ n− k,

and thus
Y ⊤v⃗j ∈ ker(Y ⊤), 1 ≤ j ≤ n− k.

We therefore have

Y ⊤v⃗j =
k∑
s=1

rs,ju⃗s,

where rs,j ∈ {0, 1} and 1 ≤ j ≤ n−k. The number of ways to choose the value of Y ⊤v⃗1
is given by

2k − 1.
This comes from the fact that v⃗1 ̸∈ ker(Y ⊤) and therefore the rs,j cannot all be zero.
One can now choose the values of Y ⊤v⃗2, Y

⊤v⃗3, . . . , Y
⊤v⃗n−k under the restriction that

the vectors Y ⊤v⃗j must be linearly independent. To see why these vectors must be
linearly independent, suppose that w⃗ is a linear combination of the vectors v⃗j such that
Y ⊤w⃗ = 0⃗. This implies w⃗ ∈ ker(Y ⊤). We thus have exhibited a vector w⃗ that can be
expressed both as a linear combination of the vectors u⃗j and as a linear combination of
the vectors v⃗j. This contradicts the fact that u⃗1, u⃗2, . . . u⃗k, v⃗1, v⃗2, . . . , v⃗n−k is a basis of
Fn2 . This linear-independence constraint implies that the number of possible values of
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Y ⊤v⃗j is 2k − 2j−1 for 1 ≤ j ≤ n − k. It follows that the number of possible maps Y ⊤

with the prescribed kernel is

(3.7) D(k, n) =
n−k−1∏
j=0

(2k − 2j).

Putting everything together, the number of ways of choosing the matrix Y ⊤, and
thus Y , or equivalently the number of ways of choosing the matrix M , is given by

B(k, n)D(k, n) =
k−1∏
j=1

2n − 2j
2k − 2j

n−k−1∏
j=0

(2k − 2j).

Finally, to fully specify the involution f = fM,w⃗, one has to choose the sign vector w⃗.
By Lemma 3.3 (c), for each admissible matrix Y (or equivalently for each admissible
matrix M), the sign vectors w⃗ form a coset of ker(Y ⊤) in Fn2 , namely the solution set
of the affine system Y ⊤w⃗ ≡ c⃗ (mod 2) in (3.2). If the dimension of the kernel of Y ⊤ is
equal to k, then the number of ways of choosing the components of w⃗ is therefore equal
to
(3.8) 2k.

From equations (3.3), (3.4), (3.7), and (3.8), we conclude that the number of I(n)-
preserving involutions is

∑
⌈n/2⌉≤k≤n

D(k, n)B(k, n)2k =
∑

⌈n/2⌉≤k≤n

( k−1∏
j=1

2n − 2j
2k − 2j

)( n−k−1∏
j=0

(2k − 2j)
)

2k.

This completes the proof. □

3.2. Concluding remarks on unrestricted involutions. We restricted attention to
I(n)-preserving involutions because unrestricted involutions may lose their direct con-
nection with the unit monomials and with the Cauchy–Riemann systems studied below.
The unrestricted counting problem is nevertheless simple in idempotent coordinates.

Recall that any multicomplex number η can be expressed using the idempotents from
En :

η =
∑

ε∈En

ηεε, ηε ∈ MC(1) ∼= C.

Multiplication is componentwise in this representation. Hence, as a real algebra,

MC(n) ∼= C2n−1
.

It follows that every R-algebra automorphism of MC(n) is obtained by permuting the
2n−1 complex components and, independently on each component, applying either the
identity or complex conjugation. Thus,

AutR(MC(n)) ∼= C2 ≀ S2n−1 ∼= B2n−1 ,

where C2 is the cyclic group of order 2, Sn the symmetric group on n symbols, and
Bn denotes the group of signed permutations of length n, namely permutations of
{1, 2, . . . , n} written in one-line notation where each entry may have a bar over it (which
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also corresponds to the group of symmetries of a hypercube, the hyperoctahedral group).
It readily follows that there are 22n−1(2n−1)! real-algebra automorphisms of MC(n), and

(2n−1)!
⌊2n−2⌋∑
k=0

22n−1−2k

k!(2n−1 − 2k)!

involutions of MC(n). The latter is a consequence of known results on signed involutions
or wreath products (see [7] and [8], respectively), or of a simple counting argument.
Indeed, if the underlying permutation has k transpositions and 2n−1 − 2k fixed points,
then there are

(2n−1)!
2kk!(2n−1 − 2k)!

ways to choose this permutation. The signs may be chosen in 22n−1−k ways since each
fixed point has an arbitrary sign, and each transposition has two compatible choices of
signs.

Finally, if we change the condition f 2(η) = η for any η ∈ MC(n) to the following
condition:
(3.9) f r(η) = η (∀η ∈ MC(n))
where r > 2 is an integer, then similar arguments as above lead to the following formula
for the number of automorphisms satisfying (3.9):

22n−1 ∑
σ∈S2n−1,r

( ∏
k|r, r/k is odd

1
2cyck(σ)

)
.

In the last formula, the set S2n−1,r is the set of permutations σ such that σr = Id and
cyck(σ) is the number of disjoint cycles of length k in σ. When r > 2 is a prime number,
the formula becomes

(2n−1)!
⌊2n−1/r⌋∑
k=0

2(r−1)k

k!rk(2n−1 − rk)! .

4. Cauchy–Riemann classes of multicomplex-valued functions

Inspired by the theory of complex structures (see, for example, [22]), we associate a
complex structure and a Cauchy–Riemann system with every e-admissible pair. We
compare the resulting classes with multicomplex holomorphy and then study anti-
holomorphic and twisted variants.

4.1. Elliptic-admissible involutions.

Definition 4.1. Let n ≥ 1. An I(n)-preserving involution σ : MC(n) → MC(n) is
elliptic-admissible (abbreviated e-admissible) if there exists i ∈ I(n) such that i2 = −1
and σ(i) = −i. In that case, (σ, i) is called an e-admissible pair.

The distinguished unit need not be unique. For example, the involution of MC(2)
defined by i1 7→ −i1 and i2 7→ −i2 forms e-admissible pairs with both i1 and i2. By
contrast, the swap i1 7→ i2, i2 7→ i1 is not e-admissible.
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Let (σ, i) be an e-admissible pair, and let Li denote multiplication by i on MC(n).
Since i2 = −1, we have L2

i = −Id; hence Li is a complex structure on the underlying real
vector space. With respect to this structure, MC(n) has complex dimension m := 2n−1

and scalar multiplication
(a+ b

√
−1) · η := aη + biη, a, b ∈ R.

The e-admissibility of (σ, i) means precisely that σ is a conjugation for this complex
structure.
Lemma 4.2. Let σ be an I(n)-preserving involution of MC(n) and let i ∈ I(n) with
i2 = −1. Then (σ, i) is an e-admissible pair if and only if

σ(iη) = −i σ(η), η ∈ MC(n),
that is, if and only if σ is conjugate-linear with respect to the complex structure Li.
Proof. If (σ, i) is e-admissible, then σ(iη) = σ(i)σ(η) = −i σ(η) since σ is multiplica-
tive. Conversely, taking η = 1 gives σ(i) = −i. □

The next lemma is the analogue of the decomposition C = R ⊕
√

−1R determined
by the complex conjugation.
Lemma 4.3. Let (σ, i) be an e-admissible pair and let

Bσ := {η ∈ MC(n) : σ(η) = η}
be the fixed set of σ. Then Bσ is a real subalgebra of MC(n) of dimension 2n−1, and

MC(n) = Bσ ⊕ i Bσ.

In other words, every η ∈ MC(n) can be written uniquely as η = u+ iv with u, v ∈ Bσ.
Proof. Since σ is a real-algebra automorphism, its fixed set Bσ is a real subalgebra
containing 1. Every η ∈ MC(n) decomposes as

η = η + σ(η)
2 + η − σ(η)

2 ,

where the first term is fixed by σ and the second one is mapped to its negative. It
therefore suffices to show that {η : σ(η) = −η} = i Bσ. If u ∈ Bσ, then σ(iu) =
−i σ(u) = −iu by Lemma 4.2. Conversely, if σ(ζ) = −ζ, then ζ = i(−iζ) and σ(−iζ) =
i σ(ζ) = −iζ, again by Lemma 4.2, so −iζ ∈ Bσ. It remains to prove that the sum
is direct. If u + iv = 0 with u, v ∈ Bσ, applying σ gives u − iv = 0, and adding the
two equalities yield u = 0, whence v = −i(iv) = 0. Finally, since Li is invertible,
dimR iBσ = dimR Bσ, and the equality 2 dimR Bσ = 2n gives the dimension claim. □

4.2. General Cauchy–Riemann equations. The subalgebra Bσ is thus a real form
of the complex vector space (MC(n),Li), exactly as R is a real form of C with respect
to the usual conjugation. This suggests the following definition.
Definition 4.4. Let (σ, i) be an e-admissible pair, let U ⊆ MC(n) be open, and let
F : U → MC(n) be of class C1. We say that F satisfies the (σ, i)-Cauchy–Riemann
equations on U if
(4.1) DF (η)[iβ] = iDF (η)[β], η ∈ U, β ∈ Bσ.
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To justify the terminology, choose a real basis β0 = 1, β1, . . . , βm−1 of Bσ, where
m = 2n−1. By Lemma 4.3, every η ∈ MC(n) can be written uniquely as

η =
m−1∑
ℓ=0

(uℓ + ivℓ) βℓ, uℓ, vℓ ∈ R,

and the functions (u0, v0, . . . , um−1, vm−1) form a system of real coordinates on MC(n).
Since ∂F/∂uℓ = DF (η)[βℓ] and ∂F/∂vℓ = DF (η)[iβℓ], condition (4.1) is equivalent to
the system of m equations

(4.2) ∂F

∂vℓ
= i

∂F

∂uℓ
, 0 ≤ ℓ ≤ m− 1,

or, introducing the Wirtinger-type operators

∂
σ,i
ℓ := 1

2

(
∂

∂uℓ
+ i

∂

∂vℓ

)
, 0 ≤ ℓ ≤ m− 1,

to the system ∂
σ,i
ℓ F = 0, 0 ≤ ℓ ≤ m−1. Moreover, writing F = P + iQ, where P and Q

take values in Bσ, and comparing the components in the decomposition of Lemma 4.3,
the system (4.2) takes the classical form

∂P

∂uℓ
= ∂Q

∂vℓ
,

∂P

∂vℓ
= − ∂Q

∂uℓ
, 0 ≤ ℓ ≤ m− 1.

The following theorem identifies exactly the class of functions defined by the (σ, i)-
Cauchy–Riemann equations. It also reveals that the class depends only on the unit i,
and not on the involution σ. In the following statement, the imaginary number i (not
in bold) refers to the classical imaginary unit of the set of complex numbers C.

Theorem 4.5. Let (σ, i) be an e-admissible pair, let U ⊆ MC(n) be open, and let
F : U → MC(n) be of class C1. The following statements are equivalent.

(i) F satisfies the (σ, i)-Cauchy–Riemann equations on U ;
(ii) DF (η) ◦ Li = Li ◦DF (η) for every η ∈ U ;

(iii) for one (equivalently, for every) real basis β0, . . . , βm−1 of Bσ, the function F ,
viewed in the complex coordinates zℓ := uℓ + i vℓ, 0 ≤ ℓ ≤ m− 1 where i2 = −1,
is a holomorphic mapping of m complex variables.

In particular, the set of solutions of the (σ, i)-Cauchy–Riemann equations depends only
on the unit i, and not on the involution σ.

Proof. (ii) ⇒ (i) is immediate since Bσ ⊆ MC(n).
(i) ⇒ (ii). Let h ∈ MC(n) and write h = u + iv with u, v ∈ Bσ, using Lemma 4.3.

Then ih = iu− v and, using (4.1) twice together with the real-linearity of DF (η),
DF (η)[ih] = DF (η)[iu] −DF (η)[v] = iDF (η)[u] −DF (η)[v],
iDF (η)[h] = iDF (η)[u] + iDF (η)[iv] = iDF (η)[u] + i2 DF (η)[v].

The two right-hand sides agree because i2 = −1.
(ii) ⇔ (iii). Fix a real basis β0, . . . , βm−1 of Bσ and let Φ : MC(n) → Cm be the

real-linear isomorphism sending η = ∑
ℓ(uℓ+ ivℓ) βℓ to (u0 + i v0, . . . , um−1 + i vm−1). By

construction, Φ ◦ Li = (i ·) ◦ Φ, where i · denotes the componentwise multiplication by i
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on Cm. The function G := Φ ◦ F ◦ Φ−1, defined on the open set Φ(U) ⊆ Cm, is of class
C1 and its differential is DG = Φ ◦DF ◦ Φ−1 at corresponding points. Condition (ii) is
therefore equivalent to the complex-linearity of the differential of G at every point of
Φ(U), which is the definition of a holomorphic mapping in m complex variables (see,
e.g., [25, Chapter 1]). This is statement (iii). Since condition (ii) does not refer to the
basis, statement (iii) holds for one basis if and only if it holds for every basis.

The last claim of the theorem is clear, since condition (ii) involves only i. □

In view of Theorem 4.5, for an open set U ⊆ MC(n) and a unit i ∈ I(n) with i2 = −1,
we denote by Holi(U) the set of functions of class C1 satisfying condition (ii) of the
theorem, and we call its elements i-holomorphic functions. Note that condition (ii)
makes sense for every such unit i, whether or not an involution is specified.

Theorem 4.5 has several immediate consequences. Since holomorphic mappings of
several complex variables are real-analytic, every i-holomorphic function is real-analytic.
Moreover, a computation based on condition (ii) and the Leibniz rule shows that
Holi(U) is a real algebra containing the constants. Second, and more importantly for
our purposes, the involution σ itself does not affect the class of functions obtained: two
e-admissible pairs (σ1, i) and (σ2, i) sharing the same unit determine the same class of
i-holomorphic functions, presented in different real coordinate systems. The involution
selects the real form Bσ of the complex vector space (MC(n),Li), but the underlying
function theory is governed by i alone as a consequence of (ii).

We now compare the classes Holi(U) with the multicomplex holomorphic functions.
Recall that an odd vector b⃗ ∈ Fn2 is characterized by the condition e⃗⊤b⃗ ≡ 1 (mod 2).
Proposition 4.6. Let U ⊆ MC(n) be a nonempty open set and let i ∈ I(n) with
i2 = −1. Then Hol(U) ⊆ Holi(U), and the inclusion is strict when n ≥ 2.
Proof. If F ∈ Hol(U) with DF (η)[h] = λ(η)h, then, by the commutativity of multipli-
cation,

DF (η)[ih] = λ(η) ih = i λ(η)h = iDF (η)[h],
so condition (ii) of Theorem 4.5 holds and F ∈ Holi(U).

For the strictness when n ≥ 2, assume first that i = i1 and consider the real-linear
function F (η) := x0⃗ + xe⃗1i1, for which DF (η) = F for every η. Fix η, h ∈ MC(n).
Comparing the coefficients of 1 and i1 in i1h and in h, we find

DF (η)[i1h] = F (i1h) = −xe⃗1 + x0⃗ i1 = i1F (h) = i1DF (η)[h],
so F is i1-holomorphic. However, F (i2) = 0 while i2F (1) = i2 ̸= 0, so DF is not
MC(n)-linear and F /∈ Hol(U). For an arbitrary direction i = ib⃗, complete the odd
vector b⃗ to a basis t⃗1 = b⃗, t⃗2, . . . , t⃗n of Fn2 consisting of odd vectors (if j0 ∈ supp(⃗b), the
standard basis vectors e⃗j, j ̸= j0, complete b⃗ to such a basis).

The assignment ψ(ij) := it⃗j , 1 ≤ j ≤ n, extends to a real-algebra endomorphism of
MC(n) by the discussion preceding Lemma 3.3, and ψ is bijective because the matrix
T with columns t⃗1, . . . , t⃗n is invertible over F2.

Since D(ψ ◦ F ◦ ψ−1) = ψ ◦ DF ◦ ψ−1 on ψ(U) and ψ−1 ◦ Li ◦ ψ = Lψ−1(i) = Li1

on MC(n), the map F 7→ ψ ◦ F ◦ ψ−1 sends Holi1(ψ−1(U)) onto Holi(U) and preserves
multicomplex holomorphy in both directions, so the strictness transfers from i1 to i. □
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Remarks. (1) One could try to attach a different system of equations to an I(n)-
preserving involution σ by using σ as a change of generators rather than as a conju-
gation: the units Jk := σ(ik), 1 ≤ k ≤ n, again commute, square to −1, and generate
MC(n), and one may write the analogue of the system (2.14) with respect to them.
However, as observed after Proposition 2.4, the resulting system characterizes multi-
complex holomorphy again, and no new classes of functions arise in this way. This is
why the conjugation viewpoint of Lemma 4.2, which requires the e-admissibility of the
involution, is the appropriate one.

(2) The definition of an e-admissible pair requires i2 = −1. If instead j ∈ I(n), with
n ≥ 2, satisfies j2 = 1, j ̸= ±1, and σ(j) = −j, then the involution is called hyperbolic-
admissible (abbreviated h-admissible). In this context, the proof of Lemma 4.3 may
be adapted and yields the decomposition MC(n) = Bσ ⊕ j Bσ, and the analogue of
(4.1) produces first-order systems of hyperbolic type, since L2

j = +Id. See [5] for more
on the subject of hyperbolic Cauchy–Riemann equations and on general commutative
hypercomplex numbers and their connections to the geometry of Minkowski space-time.

The next theorem shows that to describe multicomplex holomorphy, we may use i-
holomorphy for a subclass of imaginary units i, provided their sign vectors b⃗ span Fn2 .
Recall that an odd vector b⃗ ∈ Fn2 is characterized by the condition e⃗⊤b⃗ ≡ 1 (mod 2).

Theorem 4.7. Let U ⊆ MC(n) be open with U ̸= ∅ and let S ⊆ Fn2 be a subset of odd
vectors. Then the following statements are equivalent.

(i) Hol(U) =
⋂
s⃗∈S

Holis⃗(U).

(ii) span S = Fn2 .

Proof. We first show that (i) implies (ii) by contrapositive. Let spanS ̸= Fn2 . Then,
there is a k ∈ {1, 2, . . . , n} such that e⃗k ̸∈ span S. We will construct a function F such
that F ∈ ∩s⃗∈S Holis⃗(U), but F ̸∈ Hol(U).

Consider {s⃗1, s⃗2, . . . , s⃗m} a basis for spanS and complete the set {s⃗1, s⃗2, . . . , s⃗m, e⃗k}
as a basis B for Fn2 . Let H be the spanning set of the element in B\{e⃗k}. Now set
H := spanR {ic⃗ : c⃗ ∈ H}. Since ie⃗k = ik, it is easily seen that

ikH = span{ic⃗ : c⃗ ̸∈ H}
and that MC(n) = H ⊕ ikH. Define F : U → MC(n) as the projection onto H along
ikH, that is

F (η) = F (u+ ikv) := u,

where u, v ∈ H. Then F is real-differentiable with DF (η) = F , for any η ∈ U . For any
s⃗ ∈ S, it is is⃗-holomorphic on U . Indeed, for s⃗ ∈ S, for η ∈ U , and for h = u+ ikv with
u, v ∈ H, we have

is⃗DF (η)[h] = is⃗F [h] = is⃗u = F [is⃗h] = DF (η)[is⃗h].
However, for h = ikv with 0 ̸= v ∈ H, we have DF (η)[h] = F [ikv] = 0, but
ikDF (η)[v] = ikv, hence F is not holomorphic. Condition (i) does not hold.

We now prove (ii) implies (i). Suppose that spanS = Fn2 . From Proposition 4.6,
Hol(U) ⊆ ∩s⃗∈S Holis⃗(U). We prove the reverse inclusion. Let F ∈ ∩s⃗∈S Holis⃗(U). Fix
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k ∈ {1, 2, . . . , n}. Since e⃗k ∈ span S, we can write e⃗k = s⃗1 ⊕ s⃗2 ⊕ · · · ⊕ s⃗m, with m ≤ n.
From the rule (2.3) for multiplying monomials, we immediately see that

Lie⃗k ◦DF (η) = DF (η) ◦ Lie⃗k .

Since k was arbitrary, the last commuting property is true for every standard basis
vector of Fn2 . Since all the generators commute, one has Li b⃗ = L b1

i1
· · · L bn

in
for every

b⃗ ∈ Fn2 . Hence DF (η) commutes with Li b⃗ for all b⃗, and by R-linearity with Lh, the
multiplication operator by h, for every h ∈ MC(n). Applying this to the multicomplex
number 1 gives

DF (η)[h] = DF (η)
[
Lh(1)

]
= Lh

(
DF (η)[1]

)
= hλ(η),

with λ(η) := DF (η)[1]. So DF (η) is multiplication by λ(η) and therefore MC(n)-linear.
Thus F ∈ Hol(U). □

Since {e⃗1, e⃗2, . . . , e⃗n} is a basis for Fn2 , we obtain the following corollary, stating that
the generators are sufficient to characterize multicomplex holomorphy in terms of i-
holomorphy.

Corollary 4.8. Let U ⊆ MC(n) be open. A function F : U → MC(n) of class C1 is
multicomplex holomorphic if and only if it is ik-holomorphic for each of the generators
i1, . . . , in. Equivalently,

Hol(U) =
n⋂
k=1

Holik(U).

Remark. The intersection ranges over the n generators only, although I(n) contains
2n−1 units squaring to −1, namely the monomials ib⃗ with e⃗⊤b⃗ ≡ 1 (mod 2). The other
2n−1 − n of them are redundant: for any such unit, Li b⃗ = L b1

i1
· · · L bn

in
commutes with

DF (η) as soon as the generators do, so ⋂n
k=1 Holik(U) ⊆ Holi b⃗(U).

4.3. The bicomplex case. We now describe the situation completely for n = 2. The
set of I(2)-preserving involutions of MC(2) consists of the identity, the three conjuga-
tions2

σ1 : i1 7→ −i1, i2 7→ i2, σ2 : i1 7→ i1, i2 7→ −i2, σ3 : i1 7→ −i1, i2 7→ −i2,

and the two swaps3

ω : i1 7→ i2, i2 7→ i1, ω̃ : i1 7→ −i2, i2 7→ −i1.

The admissible directions are i1 and i2, since the remaining nontrivial unit i1i2 squares
to +1. Among the six involutions, exactly three are e-admissible, namely σ1, σ2, σ3, and
they form exactly four e-admissible pairs,

(σ1, i1), (σ2, i2), (σ3, i1), (σ3, i2).
The fixed algebras of the three conjugations are

Bσ1 = spanR{1, i2}, Bσ2 = spanR{1, i1}, Bσ3 = spanR{1, i1i2}.
2In [28], the principal conjugates are denoted respectively by , †, and ∗.
3The unsigned swap appears, for example, in [31].
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Write η = x0 + x1i1 + x2i2 + x12 i1i2 for the canonical coordinates on MC(2). For the
pair (σ1, i1), the basis β0 = 1, β1 = i2 of Bσ1 gives u0 = x0, v0 = x1, u1 = x2, v1 = x12,
and the system (4.2) reads

(4.3) ∂F

∂x1
= i1

∂F

∂x0
,

∂F

∂x12
= i1

∂F

∂x2
.

For the pair (σ3, i1), the basis β0 = 1, β1 = i1i2 of Bσ3 gives u0 = x0, v0 = x1, u1 = x12,
v1 = −x2, and the system (4.2) reads

(4.4) ∂F

∂x1
= i1

∂F

∂x0
,

∂F

∂x2
= −i1

∂F

∂x12
.

Although the two systems look different, multiplying the second equation of (4.3) by
i1 shows that they have exactly the same solutions, as predicted by Theorem 4.5: both
characterize the class Holi1(U), which consists of the holomorphic functions of the two
complex variables z0 = x0 + i1x1 and z1 = x2 + i1x12, with values in the complex vector
space (MC(2),Li1). The two pairs directed by i2 lead similarly, in the complex variables
w0 = x0 + i2x2 and w1 = x1 + i2x12, to the class Holi2(U).

Theorem 4.9. Let U ⊆ MC(2) be a nonempty open set and let F : U → MC(2) be of
class C1. Then the following statements hold.

(a) The four e-admissible pairs of MC(2) give rise to exactly two classes of func-
tions, namely Holi1(U) and Holi2(U).

(b) F is bicomplex holomorphic if and only if F ∈ Holi1(U) ∩ Holi2(U).
(c) The inclusions Hol(U) ⊆ Holi1(U) and Hol(U) ⊆ Holi2(U) are strict, and

Holi1(U) ̸= Holi2(U).

Proof. Part (a) follows from Theorem 4.5 and the list of pairs above.
(b) If F is bicomplex holomorphic, then F ∈ Holi1(U) ∩ Holi2(U) by Proposition 4.6.

Conversely, suppose that DF (η) commutes with both Li1 and Li2 . Then DF (η) also
commutes with Li1 ◦ Li2 = Li1i2 , and hence, for h = c0 + c1i1 + c2i2 + c12 i1i2 with real
coefficients,

DF (η)[h] = c0 DF (η)[1] + c1Li1DF (η)[1] + c2Li2DF (η)[1] + c12Li1i2DF (η)[1]
= hDF (η)[1].

Thus DF (η) is MC(2)-linear and F is bicomplex holomorphic.
(c) Consider the real-linear function F (η) := x0 + x1i1, for which DF (η) = F for

every η. On the one hand, F (i1η) = −x1 + x0 i1 = i1F (η), so F ∈ Holi1(U). On the
other hand, F (i2 ·1) = 0 while i2 F (1) = i2 ̸= 0, so F /∈ Holi2(U), and in particular F is
not bicomplex holomorphic. Exchanging the roles of i1 and i2 completes the proof. □

In the bicomplex setting, every Cauchy–Riemann system generated by an e-admissible
involution of MC(2) characterizes either the i1-holomorphic or the i2-holomorphic func-
tions, and bicomplex holomorphy is exactly the conjunction of the two.
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4.4. A tricomplex example. We conclude with an example in MC(3) showing that,
in contrast with the bicomplex case, the real form Bσ selected by an e-admissible invo-
lution need not be spanned by elements of ±I(n). Consider the involution σ of MC(3)
determined by

σ(i1) = −i1, σ(i2) = −i2, σ(i3) = i1i2i3.

Its exponent matrix M has columns e⃗1, e⃗2, (1, 1, 1)⊤, and ker(M − I) = {⃗b ∈ F3
2 : b3 =

0}, whose odd vectors are e⃗1 and e⃗2. Since σ(i1) = −i1 and σ(i2) = −i2, both (σ, i1)
and (σ, i2) are e-admissible pairs. We work with (σ, i1).

A direct computation shows that the four elements
β0 = 1, β1 = i1i2, β2 = i3 + i1i2i3, β3 = i1i3 + i2i3

are fixed by σ: for instance, σ(i1i3) = (−i1)(i1i2i3) = i2i3 and σ(i2i3) = (−i2)(i1i2i3) =
i1i3, so β3 is fixed. They are linearly independent over R and, since dimR Bσ = 23−1 = 4
by Lemma 4.3, they form a basis of Bσ. In particular, Bσ is not spanned by signed
unit monomials: the involution σ glues the units i3 and i1i2i3, as well as the units i1i3
and i2i3. This phenomenon cannot occur for n ≤ 2, as the fixed algebras displayed in
Section 4.3 show.

Write
η = x0 + x1i1 + x2i2 + x3i3 + x12 i1i2 + x13 i1i3 + x23 i2i3 + x123 i1i2i3

for the canonical coordinates on MC(3). Expanding η = ∑3
ℓ=0(uℓ + i1vℓ) βℓ and com-

paring the coefficients yields the dictionary
u0 = x0, v0 = x1, u1 = x12, v1 = −x2,

u2 = x3 + x123

2 , v2 = x13 − x23

2 , u3 = x13 + x23

2 , v3 = x123 − x3

2 ,

and the (σ, i1)-Cauchy–Riemann equations ∂F/∂vℓ = i1 ∂F/∂uℓ, 0 ≤ ℓ ≤ 3, become, in
the canonical coordinates,

(4.5)

∂F

∂x1
= i1

∂F

∂x0
, − ∂F

∂x2
= i1

∂F

∂x12
,

∂F

∂x13
− ∂F

∂x23
= i1

(
∂F

∂x3
+ ∂F

∂x123

)
, − ∂F

∂x3
+ ∂F

∂x123
= i1

(
∂F

∂x13
+ ∂F

∂x23

)
.

The last two equations genuinely mix the four coordinates x3, x13, x23, x123, reflecting
the gluing performed by σ.

For comparison, the diagonal conjugation τ : ik 7→ −ik, 1 ≤ k ≤ 3, also forms an
e-admissible pair with i1, and its fixed algebra Bτ = spanR{1, i1i2, i1i3, i2i3} is spanned
by unit monomials. The corresponding system is

∂F

∂x1
= i1

∂F

∂x0
, − ∂F

∂x2
= i1

∂F

∂x12
, − ∂F

∂x3
= i1

∂F

∂x13
,

∂F

∂x123
= i1

∂F

∂x23
.

By Theorem 4.5, this system and the system (4.5) have exactly the same solutions,
namely the class Holi1(U) of holomorphic functions of four complex variables with
respect to the complex structure Li1 . One can also verify the equivalence of the two
systems directly by substitution. The exotic involution σ does not change the function
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theory, but it changes the distinguished real form and the resulting real presentation of
the Cauchy–Riemann equations.

4.5. Anti-holomorphic and twisted classes. We present two families of functions
connected to the classes Holi(U). The first family consists of the anti-holomorphic
classes, obtained by reversing the sign in the Cauchy–Riemann equations (4.1). They
turn out to be conjugates of the classes Holi(U), and it is here that the involutions
finally play an operational role as the maps implementing the conjugation. The second
family consists of the twisted classes, in which the differential intertwines two different
complex structures. We show that every such class is an automorphic image of an
i-holomorphy class. We begin with the anti-holomorphic classes.

Definition 4.10. Let (σ, i) be an e-admissible pair, let U ⊆ MC(n) be open, and let
F : U → MC(n) be of class C1. We say that F satisfies the (σ, i)-anti-Cauchy–Riemann
equations on U if
(4.6) DF (η)[iβ] = −iDF (η)[β], η ∈ U, β ∈ Bσ.

In the coordinates of Section 4.2, condition (4.6) reads ∂F/∂vℓ = −i ∂F/∂uℓ for
0 ≤ ℓ ≤ m− 1, that is, ∂ σ,iℓ F = 0 for the unbarred Wirtinger-type operators

∂ σ,iℓ := 1
2

(
∂

∂uℓ
− i

∂

∂vℓ

)
, 0 ≤ ℓ ≤ m− 1.

Proposition 4.11. Let (σ, i) be an e-admissible pair, let U ⊆ MC(n) be open, and let
F : U → MC(n) be of class C1. The following statements are equivalent.

(i) F satisfies the (σ, i)-anti-Cauchy–Riemann equations on U ;
(ii) DF (η) ◦ Li = −Li ◦DF (η) for every η ∈ U ;

(iii) σ ◦ F satisfies the (σ, i)-Cauchy–Riemann equations on U ;
(iv) F ◦ σ satisfies the (σ, i)-Cauchy–Riemann equations on σ(U).

In particular, the class of solutions, denoted by Holi(U), depends only on the unit i,
and

Holi(U) = {σ ◦G : G ∈ Holi(U)} = {G ◦ σ : G ∈ Holi(σ(U))}
for every involution σ such that (σ, i) is an e-admissible pair.

Proof. (i) ⇔ (ii). As in the proof of Theorem 4.5, write h = u + iv with u, v ∈ Bσ, so
that ih = iu− v. If (i) holds, then

DF (η)[ih] = DF (η)[iu] −DF (η)[v] = −iDF (η)[u] −DF (η)[v],
−iDF (η)[h] = −iDF (η)[u] − iDF (η)[iv] = −iDF (η)[u] −DF (η)[v],

and the two right-hand sides agree, which gives (ii). The converse is immediate.
(ii) ⇔ (iii). Since σ is linear, D(σ ◦ F )(η) = σ ◦ DF (η), and Lemma 4.2 gives

σ ◦ Li = −Li ◦ σ. Hence, since DF (η) is real-linear,
D(σ ◦ F )(η) ◦ Li = σ ◦DF (η) ◦ Li and Li ◦D(σ ◦ F )(η) = −σ ◦ Li ◦DF (η),

so σ ◦F satisfies condition (ii) of Theorem 4.5 if and only if DF (η)◦Li = −Li ◦DF (η),
since σ is invertible.
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(ii) ⇔ (iv). Let ζ ∈ σ(U). Since σ is linear and involutive,
D(F ◦ σ)(ζ) = DF (σ(ζ)) ◦ σ.

Using σ ◦ Li = −Li ◦ σ, we obtain
D(F ◦ σ)(ζ) ◦ Li = −DF (σ(ζ)) ◦ Li ◦ σ,
Li ◦D(F ◦ σ)(ζ) = Li ◦DF (σ(ζ)) ◦ σ.

Since σ is bijective, these expressions are equal for every ζ ∈ σ(U) if and only if
condition (ii) holds throughout U .

The description of Holi(U) follows from (iii) and (iv) applied to F = σ ◦ G and
F = G ◦ σ, using σ ◦ σ = Id, and the independence of σ is clear from (ii). □

Remark. When n = 1, Proposition 4.11 recovers the classical anti-holomorphic func-
tions: the functions G(z) and G(z) with G holomorphic. Moreover, for any n ≥ 1,
Holi(U) ∩ Holi(U) consists of the locally constant functions: if DF (η) both commutes
and anticommutes with Li , then 2DF (η)◦Li = 0, and DF (η) = 0 since Li is invertible.

The next proposition gives the counterpart of Corollary 4.8 for anti-holomorphic
functions.

Proposition 4.12. Let U ⊆ MC(n) be open, and let τ : MC(n) → MC(n) be the
involution determined by

τ(ik) = −ik, 1 ≤ k ≤ n.

Let F : U → MC(n) be a function of class C1. Then the following statements are
equivalent.

(i) F ∈
n⋂
k=1

Holik(U);

(ii) τ ◦ F ∈ Hol(U);
(iii) there exists a function µ : U → MC(n) such that

DF (η)[h] = µ(η)τ(h), η ∈ U, h ∈ MC(n).
Consequently,

n⋂
k=1

Holik(U) = {τ ◦G : G ∈ Hol(U)} .

Equivalently,
n⋂
k=1

Holik(U) =
{
G ◦ τ : G ∈ Hol

(
τ(U)

)}
.

Proof. The involution τ satisfies τ(ik) = −ik for every 1 ≤ k ≤ n. Hence (τ, ik) is an
e-admissible pair for each k. By Proposition 4.11,

F ∈ Holik(U) ⇐⇒ τ ◦ F ∈ Holik(U).
It follows that

F ∈
n⋂
k=1

Holik(U) ⇐⇒ τ ◦ F ∈
n⋂
k=1

Holik(U).
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By Corollary 4.8,
n⋂
k=1

Holik(U) = Hol(U).

This proves the equivalence between (i) and (ii).
Suppose that (ii) holds and set G := τ ◦ F . Since G ∈ Hol(U), for every η ∈ U there

exists λ(η) ∈ MC(n) such that
DG(η)[h] = λ(η)h, h ∈ MC(n).

Since τ is real-linear, we have
DG(η) = τ ◦DF (η).

Applying τ and using τ 2 = Id, we obtain

DF (η)[h] = τ
(
λ(η)h

)
= τ

(
λ(η)

)
τ(h).

Thus (iii) holds with µ(η) := τ
(
λ(η)

)
.

Conversely, suppose that (iii) holds. Then

D(τ ◦ F )(η)[h] = τ
(
DF (η)[h]

)
= τ

(
µ(η)τ(h)

)
= τ

(
µ(η)

)
h.

Therefore, D(τ ◦ F )(η) is MC(n)-linear for every η ∈ U , and hence τ ◦ F ∈ Hol(U).
This proves the equivalence between (ii) and (iii).

Since τ 2 = Id, condition (ii) is equivalent to the existence of G ∈ Hol(U) such that
F = τ ◦ G. This gives the first description of the intersection. The second description
follows from the precomposition characterization in Proposition 4.11. □

In view of Proposition 4.12, it is natural to define the class of multicomplex anti-
holomorphic functions on U by

Hol(U) := {τ ◦G : G ∈ Hol(U)} .
Proposition 4.12 then gives the anti-holomorphic counterpart of Corollary 4.8:

Hol(U) =
n⋂
k=1

Holik(U).

In particular, a function is multicomplex anti-holomorphic precisely when its differential
is τ -conjugate MC(n)-linear, in the sense that

DF (η)[h] = µ(η)τ(h)
for some µ(η) ∈ MC(n).

We end this section with a result about twisted classes: one may require the differ-
ential of F to intertwine two different complex structures. The next proposition shows
that this apparent generalization reduces to i-holomorphy.

Proposition 4.13. Let i, i′ ∈ I(n) with i2 = (i′)2 = −1, let ε ∈ {−1, 1}, and let
U ⊆ MC(n) be an open set. There exists an I(n)-preserving automorphism ψ of MC(n)
with ψ(i) = ε i′, and for any such ψ,

{F ∈ C1(U) : DF (η) ◦ Li = εLi′ ◦DF (η), η ∈ U} = {ψ ◦G : G ∈ Holi(U)}.
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In particular, every such twisted class consists of real-analytic functions and is obtained
from an i-holomorphy class by post-composition with a single fixed I(n)-preserving au-
tomorphism.

Proof. For the existence of ψ: when ε = 1, an automorphism with ψ(i) = i′ was
constructed in the proof of Proposition 4.6; when ε = −1, compose it with the involution
negating one generator ij0 with j0 in the support of i′, which maps i′ to −i′ and preserves
I(n).

Since ψ is a R-algebra automorphism, ψ ◦ Li = Lψ(i) ◦ ψ = εLi′ ◦ ψ. If F = ψ ◦ G
with G ∈ Holi(U), then for η ∈ U , DF (η) = ψ ◦DG(η) and
DF (η) ◦ Li = ψ ◦DG(η) ◦ Li = ψ ◦ Li ◦DG(η) = εLi′ ◦ ψ ◦DG(η) = εLi′ ◦DF (η).

Conversely, if F belongs to the twisted class, set G := ψ−1 ◦F . From ψ(i) = εi′ we get
ψ−1(i′) = εi, hence ψ−1 ◦ Li′ = εLi ◦ ψ−1 and for η ∈ U

DG(η) ◦ Li = ψ−1 ◦DF (η) ◦ Li = ε ψ−1 ◦ Li′ ◦DF (η) = ε2 Li ◦DG(η),
so G ∈ Holi(U). Hence F = ψ ◦G with G ∈ Holi(U). □

Taking i′ = i and ε = −1 in Proposition 4.13 recovers the anti-holomorphic class.
Taking n = 2, i = i1, i′ = i2, ε = 1, and ψ = ω shows that the swap of Section 4.3
intertwines the two bicomplex classes.

4.6. Harmonic functions. Recall that, alongside the operators ∂ σ,iℓ , we introduced
their companions

(4.7) ∂ σ,iℓ := 1
2

(
∂

∂uℓ
− i

∂

∂vℓ

)
, 0 ≤ ℓ ≤ m− 1

where uℓ, vℓ are real coordinates associated to a real basis of Bσ, with (σ, i) an e-
admissible involution. The next proposition shows that these operators factor a Lapla-
cian, exactly as ∂z and ∂z factor the planar Laplacian through ∆ = 4 ∂z∂z.

Proposition 4.14. Let (σ, i) be an e-admissible pair, let U ⊆ MC(n) be open, and let
F : U → MC(n) be of class C2. Then, for every 0 ≤ ℓ ≤ m− 1,

(4.8) ∂ σ,iℓ ∂
σ,i
ℓ = ∂

σ,i
ℓ ∂ σ,iℓ = 1

4

(
∂2

∂u2
ℓ

+ ∂2

∂v2
ℓ

)
,

so that

∆σ :=
m−1∑
ℓ=0

(
∂2

∂u2
ℓ

+ ∂2

∂v2
ℓ

)
= 4

m−1∑
ℓ=0

∂
σ,i
ℓ ∂ σ,iℓ .

Moreover, the real basis β0 = 1, β1, . . . , βm−1 of Bσ may be chosen so that

(4.9) ∆σ = ∆ :=
∑
b⃗∈Fn

2

∂2

∂x2
b⃗

,

where ∆ is the standard Laplacian in the canonical coordinates (2.2); for this choice,
∆σ is independent of σ and of the basis.
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Proof. Since i is a fixed element of MC(n), it commutes with the constant-coefficient
derivations ∂/∂uℓ and ∂/∂vℓ; and since F is of class C2, by Schwarz’s theorem, the
mixed second partials of each of its real components agree. Expanding the product and
using i2 = −1,

∂ σ,iℓ ∂
σ,i
ℓ = 1

4

(
∂

∂uℓ
− i

∂

∂vℓ

)(
∂

∂uℓ
+ i

∂

∂vℓ

)
= 1

4

(
∂2

∂u2
ℓ

− i2 ∂
2

∂v2
ℓ

)
= 1

4

(
∂2

∂u2
ℓ

+ ∂2

∂v2
ℓ

)
.

The same computation with the factors reversed gives the identical result. This proves
(4.8), and summation over ℓ yields 1

4∆σ.
Endow MC(n) with the inner product ⟨·, ·⟩ for which the monomials {ib⃗}⃗b∈Fn

2
form

an orthonormal basis. Because σ is I(n)-preserving, it maps each monomial to a signed
monomial and permutes the basis up to sign. Hence σ is orthogonal, and by Lemma 4.3
the subspaces Bσ and i Bσ are orthogonal. Likewise, since i ∈ I(n), the multiplication
Li permutes the monomials up to sign by (2.3), so Li is an isometry with respect to
⟨·, ·⟩.

Choose an orthonormal basis β0 = 1, β1, . . . , βm−1 of Bσ, which is possible with
β0 = 1 since 1 is a unit vector of Bσ. Then ⟨iβk, iβℓ⟩ = ⟨βk, βℓ⟩ = δkℓ, where δkl is
the Kronecker symbol, and ⟨βk, iβℓ⟩ = 0, so the family {β0, . . . , βm−1, iβ0, . . . , iβm−1}
is an orthonormal basis of MC(n). Let A be the matrix of the resulting linear change
of coordinates x = Az, where z = (u0, . . . , um−1, v0, . . . , vm−1)⊤; its columns are the
coordinates of the βℓ and iβℓ in the monomial basis, so A⊤A = AA⊤ = I. By the chain
rule and AA⊤ = I,

∆σF =
2n∑
j=1

∂2F

∂z2
j

=
2n∑

p,q=1

( 2n∑
j=1

apj aqj

)
∂2F

∂xp ∂xq
=

2n∑
p,q=1

(AA⊤)pq
∂2F

∂xp ∂xq
=

2n∑
p=1

∂2F

∂x2
p

= ∆F

at every η ∈ U , which is (4.9). □

Corollary 4.15. Let U ⊆ MC(n) be open and let i ∈ I(n) with i2 = −1. If F ∈
Holi(U) or F ∈ Holi(U), then ∆F = 0, where ∆ is the canonical Laplacian of (4.9).
Equivalently, each of the 2n real components of F is harmonic on U .

Proof. By Theorem 4.5 and Proposition 4.11, functions in Holi(U) and in Holi(U) are
real-analytic, hence of class C2. Fix an involution σ making (σ, i) an e-admissible pair,
and choose the orthonormal basis of Proposition 4.14, so that ∆σ = ∆. If F ∈ Holi(U),
then ∂

σ,i
ℓ F = 0 for 0 ≤ ℓ ≤ m− 1 by (4.2), whence, by (4.8),

∆F = 4
m−1∑
ℓ=0

∂ σ,iℓ

(
∂
σ,i
ℓ F

)
= 0.

If F ∈ Holi(U), then ∂ σ,iℓ F = 0 for every ℓ, and the same identity with the factors
reversed gives ∆F = 0. Since ∆ has real coefficients, it acts componentwise on the
canonical representation (2.2), so each real component of F is harmonic. □

Remark. Proposition 4.14 justifies the terminology of Definition 4.1. The type of the
second-order operator produced by the factorization is governed by the sign of −i2: for
an e-admissible pair, i2 = −1 gives the elliptic blocks ∂2/∂u2

ℓ+∂2/∂v2
ℓ and the Laplacian
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(4.9). If instead (σ, j) is h-admissible, with n ≥ 2, in the sense of the Remarks following
Proposition 4.6, with j2 = 1, the same computation gives −j2 = −1 and the blocks
∂2/∂u2

ℓ − ∂2/∂v2
ℓ , whose sum

m−1∑
ℓ=0

(
∂2

∂u2
ℓ

− ∂2

∂v2
ℓ

)
has signature (m,m). This is an ultrahyperbolic operator when m ≥ 2; see, for instance,
[12, 23].

5. Concluding remarks

We have studied the I(n)-preserving involutions of the multicomplex algebra MC(n)
from two complementary angles. On the algebraic side, translating the problem into
(0, 1)-matrix theory over F2 produced the closed-form count (1.1), together with the
Sign Lemma (Lemma 3.3). The counting reveals substantially more involutions than
the 2n conjugations traditionally used in multicomplex function theory, and hence a
correspondingly richer supply of Cauchy–Riemann-type systems. On the analytic side,
each elliptic-admissible pair (σ, i) determines a complex structure Li together with a
real form Bσ, and thereby a first-order system. Theorem 4.5 shows that the resulting
solution class is governed by the distinguished unit i alone: the involution σ fixes the
real coordinates in which the system is written, but not the function theory it defines.
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